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Preface 



This text provides a broad and applications-oriented introduction to electromagnetic 
waves and antennas. Current interest in these areas is driven by the growth in wireless 
and fiber-optic communications, information technology, and materials science. 

Communications, antenna, radar, and microwave engineers must deal with the gener- 
ation, transmission, and reception of electromagnetic waves. Device engineers working 
on ever-smaller integrated circuits and at ever higher frequencies must take into account 
wave propagation effects at the chip and circuit-board levels. Communication and com- 
puter network engineers routinely use waveguiding systems, such as transmission lines 
and optical fibers. Novel recent developments in materials, such as photonic bandgap 
structures, omnidirectional dielectric mirrors, and birefringent multilayer films, promise 
a revolution in the control and manipulation of light. These are just some examples of 
topics discussed in this book. The text is organized around three main topic areas: 

• The propagation, reflection, and transmission of plane waves, and the analysis 
and design of multilayer films. 

• Waveguides, transmission lines, impedance matching, and S-parameters. 

• Linear and aperture antennas, scalar and vector diffraction theory, antenna array 
design, and coupled antennas. 

The text emphasizes connections to other subjects. For example, the mathematical 
techniques for analyzing wave propagation in multilayer structures and the design of 
multilayer optical filters are the same as those used in digital signal processing, such 
as the lattice structures of linear prediction, the analysis and synthesis of speech, and 
geophysical signal processing. Similarly, antenna array design is related to the prob- 
lem of spectral analysis of sinusoids and to digital filter design, and Butler beams are 
equivalent to the FFT. 

Use 

The book is appropriate for first-year graduate or senior undergraduate students. There 
is enough material in the book for a two-semester course sequence. The book can also 
be used by practicing engineers and scientists who want a quick review that covers most 
of the basic concepts and includes many application examples. 

The book is based on lecture notes for a first-year graduate course on “Electromag- 
netic Waves and Radiation” that I have been teaching at Rutgers over the past twenty 
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years. The course draws students from a variety of fields, such as solid-state devices, 
wireless communications, fiber optics, abiomedical engineering, and digital signal and 
array processing. Undergraduate seniors have also attended the graduate course suc- 
cessfully. 

The book requires a prerequisite course on electromagnetics, typically offered at the 
junior year. Such introductory course is usually followed by a senior-level elective course 
on electromagnetic waves, which covers propagation, reflection, and transmission of 
waves, waveguides, transmission lines, and perhaps some antennas. This book may be 
used in such elective courses with the appropriate selection of chapters. 

At the graduate level, there is usually an introductory course that covers waves, 
guides, lines, and antennas, and this is followed by more specialized courses on an- 
tenna design, microwave systems and devices, optical fibers, and numerical techniques 
in electromagnetics. No single book can possibly cover all of the advanced courses. 
This book may be used as a text in the initial course, and as a supplementary text in the 
specialized courses. 

Contents and Highlights 

In the first four chapters, we review Maxwell’s equations, boundary conditions, charge 
and energy conservation, and simple models of dielectrics, conductors, and plasmas, 
and discuss uniform plane wave propagation in various types of media, such as lossless, 
lossy, isotropic, birefringent, and chiral media. We introduce the methods of transfer 
and matching matrices for analyzing propagation, reflection, and transmission prob- 
lems. Such methods are used extensively later on. 

In chapter five on multilayer structures, we develop a transfer matrix approach to 
the reflection and transmission through a multilayer dielectric stack and apply it to 
antireflection coatings. We discuss dielectric mirrors constructed from periodic multi- 
layers, introduce the concepts of Bloch wavenumber and reflection bands, and develop 
analytical and numerical methods for the computation of reflection bandwidths and of 
the frequency response. We discuss the connection to the new field of photonic and 
other bandgap structures. We consider the application of quarter-wave phase-shifted 
Fabry-Perot resonator structures in the design of narrow-band transmission filters for 
dense wavelength-division multiplexing applications. 

We discuss equal travel-time multilayer structures, develop the forward and back- 
ward lattice recursions for computing the reflection and transmission responses, and 
make the connection to similar lattice structures in other fields, such as in linear pre- 
diction and speech processing. We apply the equal travel-time analysis to the design 
of quarter-wavelength Chebyshev reflectionless multilayers. Such designs are also used 
later in multi-section quarter-wavelength transmission line transformers. The designs 
are exact and not based on the small-reflection-coefficient approximation that is usually 
made in the literature. 

In chapters six and seven, we discuss oblique incidence concepts and applications, 
such as Snell’s laws, TE and TM polarizations, transverse impedances, transverse trans- 
fer matrices, Fresnel reflection coefficients, total internal reflection and Brewster angles. 
There is a brief introduction of how geometrical optics arises from wave propagation 
in the high-frequency limit. Fermat’s principle is applied to derive the ray equations in 
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inhomogeneous media. We present several exactly solvable ray-tracing examples drawn 
from applications such as atmospheric refraction, mirages, ionospheric refraction, prop- 
agation in a standard atmosphere, the effect of Earth’s curvature, and propagation in 
graded-index optical fibers. 

We apply the transfer matrix approach to the analysis and design of omnidirectional 
dielectric mirrors and polarizing beam splitters. We discuss reflection and refraction in 
birefringent media, birefringent multilayer films, and giant birefringent optics. 

Chapters 8-10 deal with waveguiding systems. We begin with the decomposition of 
Maxwell’s equations into longitudinal and transverse components and focus primarily 
on rectangular waveguides, resonant cavities, and dielectric slab guides. We discuss 
issues regarding the operating bandwidth, group velocity, power transfer, and ohmic 
losses. Then, we go on to discuss various types of TEM transmission lines, such as 
parallel plate and microstrip, coaxial, and parallel-wire lines. 

We consider general properties of lines, such as wave impedance and reflection re- 
sponse, how to analyze terminated lines and compute power transfer from generator 
to load, matched-line and reflection losses, Thevenin and Norton equivalent circuits, 
standing wave ratios, determining unknown load impedances, the Smith chart, and the 
transient behavior of lines. 

We discuss coupled lines, develop the even-odd mode decomposition for identical 
matched or unmatched lines, and derive the crosstalk coefficients. The problem of 
crosstalk on weakly-coupled non-identical lines with arbitrary terminations is solved in 
general. We present also a short introduction to coupled-mode theory, co-directional 
couplers, fiber Bragg gratings as examples of contra-directional couplers, and quarter- 
wave phase-shifted fiber Bragg gratings as narrow-band transmission filters. We also 
present briefly the Schuster-Kubelka-Munk theory of diffuse reflection and transmission 
as an example of contra-directional coupling. 

Chapters 11 and 12 discuss impedance matching and S-parameter techniques. Sev- 
eral matching methods are included, such as wideband multi-section quarter-wavelength 
impedance transformers, two-section dual-band transformers, quarter-wavelength trans- 
formers with series sections or with shunt stubs, two-section transformers, single-stub 
tuners, balanced stubs, double- and triple-stub tuners, L-, T-, and 77-section lumped 
reactive matching networks and their Q-f actors. 

We have included an introduction to S-parameters because of their widespread use 
in microwave measurements and in the design of microwave circuits. We discuss power 
flow, parameter conversions, input and output reflection coefficients, stability circles, 
power gain definitions (transducer, operating, and available gains), power waves and gen- 
eralized S-parameters, simultaneous conjugate matching, power gain and noise-figure 
circles on the Smith chart and their uses in designing low-noise high-gain microwave 
amplifiers. 

The rest of the book deals with radiation and antennas. In chapters 13 and 14, we 
consider the generation of radiation fields from charge and current distributions. We 
introduce the Lorenz-gauge scalar and vector potentials and solve the resulting inhomo- 
geneous Helmholtz equations. We illustrate the vector potential formalism with three 
applications: (a) the fields generated by a linear wire antenna, (b) the near and far fields 
of electric and magnetic dipoles, and (c) the Ewald-Oseen extinction theorem of molec- 
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ular optics. Then, we derive the far-held approximation for the radiation fields and 
introduce the radiation vector. 

We discuss general characteristics of transmitting and receiving antennas, such as 
energy flux and radiation intensity, directivity, gain, beamwidth, effective area, gain- 
beamwidth product, antenna equivalent circuits, effective length, polarization and load 
mismatches, communicating antennas and Friis formula, antenna noise temperature, 
system noise temperature, limits on bit rates, power budgets of satellite links, and the 
radar equation. 

Chapter 1 5 is an introduction to linear and loop antennas. Starting with the Hertzian 
dipole, we present standing-wave antennas, the half-wave dipole, monopole antennas, 
traveling wave antennas, vee and rhombic antennas, circular and square loops, and 
dipole and quadruple radiation in general. 

Chapters 16 and 17 deal with radiation from apertures. We start with the held 
equivalence principle and the equivalent surface electric and magnetic currents given 
in terms of the aperture helds, and extend the far-held approximation to include mag- 
netic current sources, leading eventually to Kottler’s formulas for the helds radiated 
from apertures. Duality transformations simplify the discussions. The special cases of 
uniform rectangular and circular apertures are discussed in detail. 

Then, we embark on a long justihcation of the held equivalent principle and the 
derivation of the Stratton-Chu and Kottler-Franz formulas, and discuss vector diffrac- 
tion theory. This material is rather difficult but we have broken down the derivations 
into logical steps using several vector analysis identities from the appendix. Once the 
ramihcations of the Kottler formulas are discussed, we approximate the formulas with 
the conventional Kirchhoff diffraction integrals and discuss the scalar theory of diffrac- 
tion. We consider Fresnel diffraction through apertures and knife-edge diffraction and 
present an introduction to the geometrical theory of diffraction through Sommerfeld’s 
exact solution of diffraction by a conducting half-plane. 

We apply the aperture radiation formulas to various types of aperture antennas, 
such as open-ended waveguides, horns, microstrip antennas, and parabolic rehectors. 
We present a computational approach for the calculation of horn radiation patterns and 
optimum horn design. We consider parabolic rehectors in some detail, discussing the 
aperture-held and current-distribution methods, rehector feeds, gain and beamwidth 
properties, and numerical computations of the radiation patterns. We also discuss 
briehy dual-rehector and lens antennas. 

Chapters 18 and 19 discuss antenna arrays. We start with the concept of the array 
factor, which determines the angular pattern of the array. We emphasize the connection 
to DSP and view the array factor as the spatial equivalent of the transfer function of an 
FIR digital hlter. We introduce basic array concepts, such as the visible region, grating 
lobes, directivity, beamwidth, array scanning and steering, and discuss the properties 
of uniform arrays. We present several array design methods for achieving a desired 
angular radiation pattern, such as Schelkunoff’ s zero-placement method, the Fourier 
series method with windowing, and its variant, the Woodward-Lawson method, known 
in DSP as the frequency-sampling method. 

The issues of properly choosing a window function to achieve desired passband and 
stopband characteristics are discussed. We emphasize the use of the Taylor-Kaiser win- 
dow, which allows the control of the stopband attenuation. Using Kaiser’s empirical for- 
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mulas, we develop a systematic method for designing sector -beam patterns— a problem 
equivalent to designing a bandpass FIR hlter. We apply the Woodward-Lawson method 
to the design of shaped-beam patterns. We view the problem of designing narrow- 
beam low-sidelobe arrays as equivalent to the problem of spectral analysis of sinusoids. 
Choosing different window functions, we arrive at binomial, Dolph-Chebyshev, and Tay- 
lor arrays. We also discuss multi-beam arrays, Butler matrices and beams, and their 
connection to the FFT. 

In chapters 20 and 21, we undertake a more precise study of the currents bowing 
on a linear antenna and develop the Hallen and Pocklington integral equations for this 
problem. The nature of the sinusoidal current approximation and its generalizations 
by King are discussed, and compared with the exact numerical solutions of the integral 
equations. We discuss coupled antennas, define the mutual impedance matrix, and use 
it to obtain simple solutions for several examples, such as Yagi-Uda and other parasitic 
or driven arrays. We also consider the problem of solving the coupled integral equations 
for an array of parallel dipoles, implement it with MATLAB, and compare the exact results 
with those based on the impedance matrix approach. 

Our MATLAB-based numerical solutions are not meant to replace sophisticated com- 
mercial held solvers. The inclusion of numerical methods in this book was motivated 
by the desire to provide the reader with some simple tools for self-study and experi- 
mentation. The study of numerical methods in electromagnetics is a subject in itself 
and our treatment does not do justice to it. However, we felt that it would be fun to be 
able to quickly compute fairly accurate radiation patterns of Yagi-Uda and other coupled 
antennas, as well as radiation patterns of horn and rehector antennas. 

The appendix includes summaries of physical constants, electromagnetic frequency 
bands, vector identities, integral theorems, Green’s functions, coordinate systems, Fres- 
nel integrals, and a detailed list of the MATLAB functions. Finally, there is a large (but 
inevitably incomplete) list of references, arranged by topic area, that we hope could 
serve as a starting point for further study. 

MATLAB Toolbox 

The text makes extensive use of MATLAB. We have developed an “Electromagnetic Waves 
& Antennas” toolbox containing 130 MATLAB functions for carrying out all of the com- 
putations and simulation examples in the text. Code segments illustrating the usage 
of these functions are found throughout the book, and serve as a user manual. The 
functions may be grouped into the following categories: 

1. Design and analysis of multilayer him structures, including antirehection coat- 
ings, polarizers, omnidirectional mirrors, narrow-band transmission hlters, bire- 
fringent multilayer films and giant birefringent optics. 

2 . Design of quarter-wavelength impedance transformers and other impedance match- 
ing methods, such as Chebyshev transformers, dual-band transformers, stub match- 
ing and L-, 77- and T-section reactive matching networks. 

3. Design and analysis of transmission lines and waveguides, such as microstrip lines 
and dielectric slab guides. 
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4. S-parameter functions for gain computations, Smith chart generation, stability, 
gain, and noise-figure circles, simultaneous conjugate matching, and microwave 
amplifier design. 

5. Functions for the computation of directivities and gain patterns of linear antennas, 
such as dipole, vee, rhombic, and traveling-wave antennas. 

6. Aperture antenna functions for open-ended waveguides, horn antenna design, 
diffraction integrals, and knife-edge diffraction coefficients. 

7. Antenna array design functions for uniform, binomial, Dolph-Chebyshev, Taylor 
arrays, sector -beam, multi-beam, Woodward-Lawson, and Butler arrays. Functions 
for beamwidth and directivity calculations, and for steering and scanning arrays. 

8. Numerical methods for solving the Hallen and Pocklington integral equations for 
single and coupled antennas and computing self and mutual impedances. 

9. Several functions for making azimuthal and polar plots of antenna and array gain 
patterns in decibels and absolute units. 

10. There are also several MATLAB movies showing the propagation of step signals 
and pulses on terminated transmission lines; the propagation on cascaded lines; 
step signals getting reflected from reactive terminations; fault location by TDR; 
crosstalk signals propagating on coupled lines; and the time-evolution of the field 
lines radiated by a Hertzian dipole. 

The MATLAB functions as well as other information about the book may be down- 
loaded from the web page: www. ece . rutgers . edu/~orfani di/ewa. 
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1 

Maxwell's Equations 



1.1 Maxwell’s Equations 

Maxwell’s equations describe all (classical) electromagnetic phenomena: 



(Maxwell’s equations) (1.1.1) 



The first is Faraday’s law of induction, the second is Ampere’s law as amended by 
Maxwell to include the displacement current dD/dt , the third and fourth are Gauss’ laws 
for the electric and magnetic fields. 

The displacement current term dD/dt in Ampere’s law is essential in predicting the 
existence of propagating electromagnetic waves. Its role in establishing charge conser- 
vation is discussed in Sec. 1.6. 

Eqs. (1.1.1) are in SI units. The quantities E and H are the electric and magnetic 
field intensities and are measured in units of [volt/m] and [ampere/m], respectively. 
The quantities D and B are the electric and magnetic flux densities and are in units of 
[coulomb/m 2 ] and [weber/m 2 ], or [tesla]. B is also called the magnetic induction. 

The quantities p and J are the volume charge density and electric current density 
(charge flux) of any external charges (that is, not including any induced polarization 
charges and currents.) They are measured in units of [coulomb/m 3 ] and [ampere/m 2 ]. 
The right-hand side of the fourth equation is zero because there are no magnetic mono- 
pole charges. 

The charge and current densities p, J maybe thought of as the sources of the electro- 
magnetic fields. For wave propagation problems, these densities are localized in space; 
for example, they are restricted to flow on an antenna. The generated electric and mag- 
netic fields are radiated away from these sources and can propagate to large distances to 
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the receiving antennas. Away from the sources, that is, in source-free regions of space, 
Maxwell’s equations take the simpler form: 



(source-free Maxwell’s equations) (1.1.2) 



1.2 Lorentz Force 

The force on a charge q moving with velocity v in the presence of an electric and mag- 
netic held E, B is called the Lorentz force and is given by: 

F=q(E+vxB) (Lorentz force) (1.2.1) 

Newton’s equation of motion is (for non-relativistic speeds): 

= F= q(E+ vx B) (1.2.2) 

dt 

where m is the mass of the charge. The force F will increase the kinetic energy of the 
charge at a rate that is equal to the rate of work done by the Lorentz force on the charge, 
that is, v ■ F. Indeed, the time-derivative of the kinetic energy is: 

M^idn =\mv-v => j™ = mv ■ ‘F = v- F = qy ■ E (1.2.3) 

2 at at 

We note that only the electric force contributes to the increase of the kinetic energy— 
the magnetic force remains perpendicular to v, that is, v ■ ( v x B) = 0. 

Volume charge and current distributions p, J are also subjected to forces in the 
presence of fields. The Lorentz force per unit volume acting on p, J is given by: 

f= pE + Jx B (Lorentz force per unit volume) (1.2.4) 

where f is measured in units of [newton/m 3 ]. If J arises from the motion of charges 
within the distribution p, then J = pv (as explained in Sec. 1.5.) In this case, 

f = p (E + v X B) (1.2.5) 

By analogy with Eq. (1.2.3), the quantity vf=pv-E = JE represents the power 
per unit volume of the forces acting on the moving charges, that is, the power expended 
by (or lost from) the fields and converted into kinetic energy of the charges, or heat. It 
has units of [watts/m 3 ]. We will denote it by: 

(ohmic power losses per unit volume) (1.2.6) 
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In Sec. 1.7, we discuss its role in the conservation of energy. We will find that elec- 
tromagnetic energy flowing into a region will partially increase the stored energy in that 
region and partially dissipate into heat according to Eq. (1.2.6). 

1.3 Constitutive Relations 

The electric and magnetic flux densities D, B are related to the held intensities E, H via 
the so-called constitutive relations, whose precise form depends on the material in which 
the fields exist. In vacuum, they take their simplest form: 

(1.3.1) 

where €o, Po are the permittivity and permeability of vacuum, with numerical values: 

(1.3.2) 

The units for eo and p o are the units of the ratios D/E and B/H, that is, 

coulomb/m 2 coulomb farad weber/m 2 weber henry 

volt/m volt ■ m m ampere/m ampere ■ m m 

From the two quantities eo,Po, we can define two other physical constants, namely, 
the speed of light and characteristic impedance of vacuum: 

(1.3.3) 

The next simplest form of the constitutive relations is for simple dielectrics and for 
magnetic materials: 

(1.3.4) 

These are typically valid at low frequencies. The permittivity e and permeability p 
are related to the electric and magnetic susceptibilities of the material as follows: 

(1.3.5) 

The susceptibilities x,Xm are measures of the electric and magnetic polarization 
properties of the material. For example, we have for the electric flux density: 








D = eE= e 0 (l + x)E = eoE+eoxE = e 0 E+ P 
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where the quantity P = eoxE represents the dielectric polarization of the material, that 
is, the average electric dipole moment per unit volume. The speed of light in the material 
and the characteristic impedance are: 



The relative permittivity and refractive index of the material are defined by: 



£r = j" = 1 + X . n= A = Je r (1.3.7) 

Co V 

so that e r = n 2 and e = €o€ r = £on 2 . Using the definition of Eq. (1.3.6) and assuming a 
non-magnetic material (p = po), we may relate the speed of light and impedance of the 
material to the corresponding vacuum values: 



c = 1 = 1 = _Co_ = Co 

x/jdoc VA/ 0 c 0 c r Jef n 

fpo = I po _ no _ no 

V € y CqC^ \[€r tl 



(1.3.8) 



Similarly in a magnetic material, we have B = p 0 (H + M) , where M = XmH is the 
magnetization, that is, the average magnetic moment per unit volume. The refractive 
index is defined in this case by n = ^/ep/eopo = V(1 + X) (1 + Xm)- 

More generally, constitutive relations may be inhomogeneous, anisotropic, nonlin- 
ear, frequency dependent (dispersive), or all of the above. In inhomogeneous materials, 
the permittivity e depends on the location within the material: 



D(r,t)= e(r)E(r,t) 



In anisotropic materials, e depends on the x, y, z direction and the constitutive rela- 
tions may be written component-wise in matrix (or tensor) form: 




(1.3.9) 



Anisotropy is an inherent property of the atomic/molecular structure of the dielec- 
tric. It may also be caused by the application of external fields. For example, conductors 
and plasmas in the presence of a constant magnetic held— such as the ionosphere in the 
presence of the Earth’s magnetic held— become anisotropic (see for example, Problem 
1.9 on the Hall effect.) 



In nonlinear materials, e may depend on the magnitude E of the applied electric held 
in the form: 



D = e{E)E, where e{E) = e + ezE + e^E 2 + ■ ■ ■ (1.3.10) 

Nonlinear effects are desirable in some applications, such as various types of electro- 
optic effects used in light phase modulators and phase retarders for altering polariza- 
tion. In other applications, however, they are undesirable. For example, in optical hbers 
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nonlinear effects become important if the transmitted power is increased beyond a few 
milliwatts. A typical consequence of nonlinearity is to cause the generation of higher 
harmonics, for example, if E = Eoe^ wt , then Eq. (1.3.10) gives: 

D = e(E)E = eE + e 2 E 2 + e 3 E 3 + • ■ ■ = eE 0 ^ wt + e 2 Ele 2Jwt + e 3 Ele 3Jwt + ■ ■ ■ 

Thus the input frequency co is replaced by co,2co,3co, and so on. In a multi- 
wavelength transmission system, such as a wavelength division multiplexed (WDM) op- 
tical fiber system carrying signals at closely-spaced carrier frequencies, such nonlinear- 
ities will cause the appearance of new frequencies which may be viewed as crosstalk 
among the original channels. For example, if the system carries frequencies c o,-, z = 
1,2,..., then the presence of a cubic nonlinearity E 3 will cause the appearance of the 
frequencies c o z - ± C 0 j ± cok- In particular, the frequencies c o z - + C 0 j - cok are most likely 
to be confused as crosstalk because of the close spacing of the carrier frequencies. 

Materials with frequency-dependent dielectric constant e(c o) are referred to as dis- 
persive. The frequency dependence comes about because when a time-varying electric 
held is applied, the polarization response of the material cannot be instantaneous. Such 
dynamic response can be described by the convolutional (and causal) constitutive rela- 
tionship: 



D(r,f) = 




e(t-t')E(r,t')dt' 



which becomes multiplicative in the frequency domain: 



D(r,co)= e(co)E(r,cjo) 



(1.3.11) 



All materials are, in fact, dispersive. However, e(c o) typically exhibits strong depen- 
dence on co only for certain frequencies. For example, water at optical frequencies has 
refractive index n = Jef = 1.33, but at RF down to dc, it has n = 9. 

In Sec. 1.9, we discuss simple models of e(co) for dielectrics, conductors, and plas- 
mas, and clarify the nature of Ohm’s law: 



J= (TE 



(Ohm’s law) 



(1.3.12) 



One major consequence of material dispersion is pulse spreading, that is, the pro- 
gressive widening of a pulse as it propagates through such a material. This effect limits 
the data rate at which pulses can be transmitted. There are other types of dispersion, 
such as intermodal dispersion in which several modes may propagate simultaneously, 
or waveguide dispersion introduced by the confining walls of a waveguide. 

There exist materials that are both nonlinear and dispersive that support certain 
types of non-linear waves called solitons, in which the spreading effect of dispersion is 
exactly canceled by the nonlinearity. Therefore, soliton pulses maintain their shape as 
they propagate in such media [456-458]. 

More complicated forms of constitutive relationships arise in chiral and gyrotropic 
media and are discussed in Chap. 3. The more general bi-isotropic and bi-anisotropic 
media are discussed in [31,77]. 
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In Eqs. (1.1.1), the densities p,J represent the external or free charges and currents 
in a material medium. The induced polarization P and magnetization M may be made 
explicit in Maxwell’s equations by using constitutive relations: 



D=e 0 E+P, B = p 0 (H+M) (1.3.13) 

Inserting these in Eq. (1.1.1), for example, by writing V x B = poV x (H + M) = 
Po (/ + D + V x M) = po ( CoE + J+P+V x M) , we may express Maxwell’s equations in 
terms of the fields E and B : 



Vxf = 



dB 

dt 



S7 X B - PoCq — + Po [ J + + V X M] 

V ■ E = — (p - V ■ P) 

Co 



V ■ B = 0 



(1.3.14) 



We identify the current and charge densities due to the polarization of the material as: 



/pol 



dP 

at ’ 



Ppol _ V P 



(polarization densities) 



(1.3.15) 



Similarly, the quantity / mag = V x M may be identified as the magnetization current 
density (note that p mag = 0.) The total current and charge densities are: 



/tot — / + /pol + /mag — /+ ^ ^ + V X M 
Ptot = P + Ppol = P V ■ P 



(1.3.16) 



and maybe thought of as the sources of the fields inEq. (1.3.14). In Sec. 13.6, we examine 
this interpretation further and show how it leads to the Ewald-Oseen extinction theorem 
and to a microscopic explanation of the origin of the refractive index. 



1.4 Boundary Conditions 

The boundary conditions for the electromagnetic fields across material boundaries are 
given below: 



Eit ~ Ezt = 0 




Hu -H 2t =J s xn 
D\n ~ D 2 n = Ps 
Em ~ B 2n = 0 



(1.4.1) 
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where n is a unit vector normal to the boundary pointing from medium-2 into medium-1. 
The quantities p s , J s are any external surface charge and surface current densities on 
the boundary surface and are measured in units of [coulomb/m 2 ] and [ampere/m]. 

In words, the tangential components of the E-field are continuous across the inter- 
face; the difference of the tangential components of the //-held are equal to the surface 
current density; the difference of the normal components of the flux density D are equal 
to the surface charge density; and the normal components of the magnetic flux density 
B are continuous. 

The D n boundary condition may also be written a form that brings out the depen- 
dence on the polarization surface charges: 



(CoEin + Pin ) (toEzn + Pin) — Ps ^ Co(Ein E2n) — Ps Pin + Pin — Ps, tot 

The total surface charge density will be p Sjl0 1 = p s + Pis.poi + P 2 s,vo\, where the surface 
charge density of polarization charges accumulating at the surface of a dielectric is seen 
to be (n is the outward normal from the dielectric): 



Ps , pol — Pn — n ■ P 



(1.4.2) 



The relative directions of the held vectors are shown in Fig. 1.4.1. Each vector may 
be decomposed as the sum of a part tangential to the surface and a part perpendicular 
to it, that is, E = E t + E n . Using the vector identity, 



E = nx (E X n) +n(n ■ E) = E t + E n 



(1.4.3) 



we identify these two parts as: 

E t = n X (E X n) , E n = n(n ■ E) = hE n 



E H 




Fig. 1.4.1 Field directions at boundary. 

Using these results, we can write the first two boundary conditions in the following 
vectorial forms, where the second form is obtained by taking the cross product of the 
first with n and noting that J s is purely tangential: 



nx (Ei x n) - n x (E 2 X n) =0 




n x (E\ - £2) =0 




or, 




n x (Hi xn)-nx ( H 2 x n) = J s xii 




nx (Hi - Hz) =J S 



(1.4.4) 
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The boundary conditions (1.4.1) can be derived from the integrated form of Maxwell's 
equations if we make some additional regularity assumptions about the fields at the 
interfaces. 

In many interface problems, there are no externally applied surface charges or cur- 
rents on the boundary. In such cases, the boundary conditions may be stated as: 



Eu = E 2t 
Hu = H 2t 
Din = D 2n 
Bln = B 2n 



(source-free boundary conditions) 



(1.4.5) 



1.5 Currents, Fluxes, and Conservation Laws 

The electric current density J is an example of a flux vector representing the flow of the 
electric charge. The concept of flux is more general and applies to any quantity that 
flows. ^ It could, for example, apply to energy flux, momentum flux (which translates 
into pressure force), mass flux, and so on. 

In general, the flux of a quantity Q is defined as the amount of the quantity that 
flows (perpendicularly) through a unit surface in unit time. Thus, if the amount AQ 
flows through the surface AS in time At, then: 

J = (definition of flux) (1.5.1) 

When the flowing quantity Q is the electric charge, the amount of current through 
the surface AS will be AI = AQ/At, and therefore, we can write J = AH AS, with units 
of [ampere/m 2 ]. 

The flux is a vectorial quantity whose direction points in the direction of flow. There 
is a fundamental relationship that relates the flux vector J to the transport velocity v 
and the volume density p of the flowing quantity: 



J= py 



(1.5.2) 



This can be derived with the help of Fig. 1.5.1. Consider a surface AS oriented per- 
pendicularly to the flow velocity. In time At, the entire amount of the quantity contained 
in the cylindrical volume of height vAt will manage to flow through AS. This amount is 
equal to the density of the material times the cylindrical volume AV = AS(vAt), that 
is, AQ = pAV = pASvAt. Thus, by definition: 



AQ pASvAt 
ASAt = ASAt 



When J represents electric current density, we will see in Sec. 1.9 that Eq. (1.5.2) 
implies Ohm’s law J = crE. When the vector J represents the energy flux of a propagating 

Un this sense, the terms electric and magnetic “flux densities” for the quantities D, B are somewhat of a 
misnomer because they do not represent anything that flows. 
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AS 




\+ vA^ ►) 

Fig. 1.5.1 Flux of a quantity. 



electromagnetic wave and p the corresponding energy per unit volume, then because the 
speed of propagation is the velocity of light, we expect that Eq. (1.5.2) will take the form: 

Jen = CPe n (1.5.3) 

Similarly, when J represents momentum flux, we expect to have /mom = cp mom . 
Momentum flux is defined as J mom = Apl (AS At) = AF I AS, where p denotes momen- 
tum and AF = Apt At is the rate of change of momentum, or the force, exerted on the 
surface AS. Thus, /mom represents force per unit area, or pressure. 

Electromagnetic waves incident on material surfaces exert pressure (known as ra- 
diation pressure), which can be calculated from the momentum flux vector. It can be 
shown that the momentum flux is numerically equal to the energy density of a wave, that 
is, /mom = Pen, which implies that p en = pmomC. This is consistent with the theory of 
relativity, which states that the energy-momentum relationship for a photon is E = pc. 



1.6 Charge Conservation 

Maxwell added the displacement current term to Ampere’s law in order to guarantee 
charge conservation. Indeed, taking the divergence of both sides of Ampere’s law and 
using Gauss’s law V ■ D = p, we get: 

V ■ V x H= V ■ J+ V • S?'* V ■ J + |-V . D = V ■ J+ |£ 

ot ot ot 

Using the vector identity V ■ V x H = 0, we obtain the differential form of the charge 
conservation law: 



dp 

dt 



+ V ■/= 0 



(charge conservation) 



( 1 . 6 . 1 ) 



Integrating both sides over a closed volume V surrounded by the surface S, as 
shown in Fig. 1.6.1, and using the divergence theorem, we obtain the integrated form of 
Eq. (1.6.1): 



j s J-dS= j y pdV (1.6.2) 

The left-hand side represents the total amount of charge flowing outwards through 
the surface S per unit time. The right-hand side represents the amount by which the 
charge is decreasing inside the volume V per unit time. In other words, charge does 
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not disappear into (or get created out of) nothingness— it decreases in a region of space 
only because it flows into other regions. 




Fig. 1.6.1 Flux outwards through surface. 

Another consequence of Eq. (1.6.1) is that in good conductors, there cannot be any 
accumulated volume charge. Any such charge will quickly move to the conductor’s 
surface and distribute itself such that to make the surface into an equipotential surface. 
Assuming that inside the conductor we have D = eE and / = aE, we obtain 

V ■ / = <tV ■ E = — V ■ D = —p 

e e 

Therefore, Eq. (1.6.1) implies 



with solution: 



dp 

dt 






(1.6.3) 



P(r, f)= p 0 (r)e at,e 



where po (r) is the initial volume charge distribution. The solution shows that the vol- 
ume charge disappears from inside and therefore it must accumulate on the surface of 
the conductor. The “relaxation” time constant T re i = e/a is extremely short for good 
conductors. For example, in copper, 



e 

T re l = — 
a 



8.85 X 10~ 12 
5.7 X 10 7 



= 1.6 X 10 19 sec 



By contrast, T re i is of the order of days in a good dielectric. For good conductors, the 
above argument is not quite correct because it is based on the steady-state version of 
Ohm’s law, / = aE, which must be modified to take into account the transient dynamics 
of the conduction charges. 

It turns out that the relaxation time T re i is of the order of the collision time, which 
is typically 10 -14 sec. We discuss this further in Sec. 1.9. See also Refs. [118-121]. 



1 . 7 Energy Flux and Energy Conservation 

Because energy can be converted into different forms, the corresponding conservation 
equation (1.6.1) should have a non-zero term in the right-hand side corresponding to 
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the rate by which energy is being lost from the fields into other forms, such as heat. 
Thus, we expect Eq. (1.6.1) to have the form: 

0n en 

— h V ■ Jen = rate of energy loss (1.7.1) 

ot 

The quantities p en , J en describing the energy density and energy flux of the fields are 
defined as follows, where we introduce a change in notation: 

Pen = w= -e E ■ E + -p H • H = energy per unit volume 

2 2 (1.7.2) 

Jen = T = E x H = energy flux or Poynting vector 

The quantities w and T are measured in units of [joule/m 3 ] and [watt/m 2 ]. Using the 
identity V ■ (ExH)=H-S/xE-E’S7xH, we find: 

^ + V ■T = e^■E + ^ ^ **■H+V ■ ( ExH ) 

0 t ot ot 



■ V X H E 



Vxf H 



Using Ampere’s and Faraday’s laws, the right-hand side becomes: 
dw 

— — b S7 ■ T = -J ■ E (energy conservation) (1.7.3) 

ot 

As we discuss in Eq. (1.2.6), the quantity JE represents the ohmic losses, that is, the 
power per unit volume lost into heat from the fields. The integrated form of Eq. (1.7.3) 
is as follows, relative to the volume and surface of Fig. 1.6.1: 



wdV + J- EdV 



It states that the total power entering a volume V through the surface S goes partially 
into increasing the held energy stored inside V and partially is lost into heat. 

Example 1.7.1: Energy concepts can be used to derive the usual circuit formulas for capaci- 
tance, inductance, and resistance. Consider, for example, an ordinary plate capacitor with 
plates of area A separated by a distance /, and filled with a dielectric e. The voltage between 
the plates is related to the electric field between the plates via V = EL 

The energy density of the electric held between the plates is w = eE 2 12. Multiplying this 
by the volume between the plates, A -l, will give the total energy stored in the capacitor. 
Equating this to the circuit expression CV 2 / 2, will yield the capacitance C: 



Ve 2 ■ Al = \cv 2 = \CE 2 1 2 
2 2 2 



Next, consider a solenoid with n turns wound around a cylindrical iron core of length 
/, cross-sectional area A, and permeability p. The current through the solenoid wire is 
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related to the magnetic held in the core through Ampere’s law HI = nl. It follows that the 
stored magnetic energy in the solenoid will be: 

W=\nH 2 -AI=\lI 2 = \l^E => L = n 2 u j 
2 2 2 m / 

Finally, consider a resistor of length /, cross-sectional area A, and conductivity cr. The 
voltage drop across the resistor is related to the electric held along it via V = El. The 
current is assumed to be uniformly distributed over the cross-section A and will have 
density J = crE. 

The power dissipated into heat per unit volume is JE = crE 2 . Multiplying this by the 
resistor volume Al and equating it to the circuit expression V 2 /R = RI 2 will give: 

Mm.*™.?.!? - .-il 

The same circuit expressions can, of course, be derived more directly using Q = CV, the 
magnetic flux = LI, and V = RI. □ 

Conservation laws may also be derived for the momentum carried by electromagnetic 
helds [41,708]. It can be shown (see Problem 1.6) that the momentum per unit volume 
carried by the helds is given by: 

(momentum density) (1.7.5) 

where we set D = eE, B = pH, and c = 1/^Jep. The quantity J mom = cG = Tic will 
represent momentum hux, or pressure, if the helds are incident on a surface. 

1.8 Harmonic Time Dependence 

Maxwell’s equations simplify considerably in the case of harmonic time dependence. 
Through the inverse Fourier transform, general solutions of Maxwell’s equation can be 
built as linear combinations of single-frequency solutions: 

E(r,t)= f E(r, oo)e J(Vt (1.8.1) 

J-oo 2 t t 

Thus, we assume that all helds have a time dependence e ja)f : 

E( r, t) = E(r) e J(Vt , H(r, t ) = H( r) e jwt 

where the phasor amplitudes E( r) , H( r) are complex- valued. Replacing time derivatives 
by d f -*• jco, we may rewrite Eq. (1.1.1) in the form: 

Vxf = -jcoB 
V X H = J + jcvD 

(Maxwell’s equations) (1.8.2) 

V ■ D = p 




V ■ B = 0 
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In this book, we will consider the solutions of Eqs. (1.8.2) in three different contexts: 
(a) uniform plane waves propagating in dielectrics, conductors, and birefringent me- 
dia, (b) guided waves propagating in hollow waveguides, transmission lines, and optical 
fibers, and (c) propagating waves generated by antennas and apertures. 

Next, we review some conventions regarding phasors and time averages. A real- 
valued sinusoid has the complex phasor representation: 

J4 (t) = \A\ cos(cof + 0) <=> A{t)=Ae j(x)t (1.8.3) 

where A = \ A \ e^ e . Thus, we have JA (f ) = Re [A (f ) ] = Re [Ae^ wt ] . The time averages of 
the quantities J4 (t) and A(t) over one period T = 2tt/cjo are zero. 

The time average of the product of two harmonic quantities J4(f) = R e[Ae^ wt ] and 
B (t) = Re [Be^ Mt ] with phasors A, B is given by (see Problem 1.4): 

AAfMt) = 1 \ T -A (t)'B(t) dt = t Re[AB*] (1.8.4) 

i Jo 2 

In particular, the mean-square value is given by: 

AHtj = 1 C A 2 (t)dt = tRe[AA*]= t|A| 2 (1.8.5) 

I Jo 2 2 

Some interesting time averages in electromagnetic wave problems are the time av- 
erages of the energy density, the Poynting vector (energy flux), and the ohmic power 
losses per unit volume. Using the definition (1.7.2) and the result (1.8.4), we have for 
these time averages: 

w = i Re ^eE ■ £* + i / uH ■ H* (energy density) 

T = ^ R e [£ x H* ] (Poynting vector) (1.8.6) 

^y SS = | Re [/tot ■ E*] (ohmic losses) 

where J tot = J + jcoD is the total current in the right-hand side of Ampere’s law and 
accounts for both conducting and dielectric losses. The time-averaged version of Poynt- 
ing’ s theorem is discussed in Problem 1.5. 

1.9 Simple Models of Dielectrics, Conductors, and Plasmas 

A simple model for the dielectric properties of a material is obtained by considering the 
motion of a bound electron in the presence of an applied electric held. As the electric 
held tries to separate the electron from the positively charged nucleus, it creates an 
electric dipole moment. Averaging this dipole moment over the volume of the material 
gives rise to a macroscopic dipole moment per unit volume. 

A simple model for the dynamics of the displacement x of the bound electron is as 
follows (with x = dx/dt): 



mx = eE kx - max 



(1.9.1) 
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where we assumed that the electric held is acting in the x-direction and that there is 
a spring-like restoring force due to the binding of the electron to the nucleus, and a 
friction-type force proportional to the velocity of the electron. 

The spring constant k is related to the resonance frequency of the spring via the 
relationship coo = y/k/m, or, k = mcoQ. Therefore, we may rewrite Eq. (1.9.1) as 

(1.9.2) 

The limit coo = 0 corresponds to unbound electrons and describes the case of good 
conductors. The frictional term ax arises from collisions that tend to slow down the 
electron. The parameter a is a measure of the rate of collisions per unit time, and 
therefore, t = 1/cx will represent the mean-time between collisions. 

In a typical conductor, t is of the order of 10 -14 seconds, for example, for copper, 
t = 2.4 x 10 -14 sec and a = 4.1 x 10 13 sec -1 . The case of a tenuous, collisionless, 
plasma can be obtained in the limit a = 0. Thus, the above simple model can describe 
the following cases: 

a. Dielectrics, coo 4 1 0, a 0. 

b. Conductors, coo = 0, a ± 0. 

c. Collisionless Plasmas, coo = 0, a = 0. 

The basic idea of this model is that the applied electric held tends to separate positive 
from negative charges, thus, creating an electric dipole moment. In this sense, the 
model contains the basic features of other types of polarization in materials, such as 
ionic/molecular polarization arising from the separation of positive and negative ions 
by the applied held, or polar materials that have a permanent dipole moment. 




Dielectrics 

The applied electric held E(t) in Eq. (1.9.2) can have any time dependence. In particular, 
if we assume it is sinusoidal with frequency c o, E (t) = Ee^ wt , then, Eq. (1.9.2) will have 
the solution x(f) = xe^ wt , where the phasor x must satisfy: 

? 7 £ 

-co x + jcoax + coqX = —E 

which is obtained by replacing time derivatives by d t jco. Its solution is: 



—E 

x = m 

col - co 2 + jco a 

The corresponding velocity of the electron will also be sinusoidal v (f ) 
v = x = jcox. Thus, we have: 



(1.9.3) 
ve jwt , where 



v = jcox 




col - co 2 + jco a 



(1.9.4) 
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From Eqs. (1.9.3) and (1.9.4), we can find the polarization per unit volume P. We 
assume that there are N such elementary dipoles per unit volume. The individual electric 
dipole moment is p = ex. Therefore, the polarization per unit volume will be: 

Ne \ 

E 

P = Np = Nex = — y m = e 0 x (cv)E (1.9.5) 

coq - (jo 1 + jcv a 

The electric flux density will be then: 



D = e 0 E + P = e 0 { 1 + x(u>))E = e(cv)E 
where the effective dielectric constant e(cv) is: 



Ne 2 

e(cv)=e 0 + —2 — : 

coq - co 2 + j cv a 

This can be written in a more convenient form, as follows: 



(1.9.6) 



e(co)= e 0 + —j : 

coq - co 1 + j cv a 



where co 2 is the so-called plasma frequency of the material defined by: 



(1.9.7) 



Ne 2 
e 0 m 



(plasma frequency) 



(1.9.8) 



For a dielectric, we may assume coo 4 1 0. Then, the low-frequency limit (cv = 0) of 
Eq. (1.9.7), gives the nominal dielectric constant of the material: 



cvl Ne 2 

€ (0) = Co + Co 2 = £o 3 2 (1.9.9) 

co o m cvq 

The real and imaginary parts of e(cv) characterize the refractive and absorptive 
properties of the material. By convention, we define the imaginary part with the negative 
sign (this is justified in Chap. 2): 



e(cv) = e' (cv) -je" (cv) (1.9.10) 

It follows from Eq. (1.9.7) that: 



e'(cv)= 6 0 + 



Co cv 2 (cvl - cv 2 ) 
(cv 2 - CVp ) 2 + a 2 CV 2 ’ 



, CoCOpOHX 

e (co)= — j— — - 

(co 2 - C0 q) 2 + CX 2 60 2 



(1.9.11) 



The real part e' (cv) dehnes the refractive index n (cv) = (cv) le 0 . The imaginary 
part e" (cv) dehnes the so-called loss tangent of the material tan 0 (cv) = e" (cv) / e' (cv) 
and is related to the attenuation constant (or absorption coefficient) of an electromag- 
netic wave propagating in such a material (see Sec. 2.6.) 
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Fig. 1.9.1 Real and imaginary parts of dielectric constant. 



Fig. 1.9.1 shows a plot of e' (cv) and e" (cv ) . Around the resonant frequency cvo the 
e' (cv) behaves in an anomalous manner (i.e., it becomes less than Co,) and the material 
exhibits strong absorption. 

Real dielectric materials exhibit, of course, several such resonant frequencies cor- 
responding to various vibrational modes and polarization types (e.g., electronic, ionic, 
polar.) The dielectric constant becomes the sum of such terms: 



€(co)= e 0 + X 



epcvfp 

cvf 0 - cv 2 + jCVOCi 



Conductors 



The conductivity properties of a material are described by Ohm’s law, Eq. (1.3.12). To 
derive this law from our simple model, we use the relationship J = pv, where the volume 
density of the conduction charges is p = Ne. It follows from Eq. (1.9.4) that 



J = pv = Nev 



. Ne 2 r 
jcv E 



CVq - cv 2 



JCVOC 



= (j(cv)E 



and therefore, we identify the conductivity <t(co): 



<t(co) = 



jcv 



Ne ' 2 _ 

m 



cvl - cv 2 + jcv a 



jcvepcv 2 
cvl - cv 2 + jcv a 



(1.9.12) 



We note that a(cv) /jcv is essentially the electric susceptibility considered above. 
Indeed, we have J = Nev = Nejcvx = jcvP, and thus, P = J /jcv = (a(cv) /jcv)E. It 
follows that e(cv)-€o = cr(cv) /jcv, and 



e(cv)= e 0 + 



epcv 2 

cvl - cv 2 + jcv a 



eo + 



<j(60) 

jcv 



(1.9.13) 



Since in a metal the conduction charges are unbound, we may take cvo = 0 in 
Eq. (1.9.12). After canceling a common factor of jcv , we obtain: 



cr(cv) = 



e 0 cv 2 
a + jcv 



(1.9.14) 
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The nominal conductivity is obtained at the low-frequency limit, co = 0: 




(nominal conductivity) 



(1.9.15) 



Example 1.9.1: Copper has a mass density of 8.9 x 10 6 gr/m 3 and atomic weight of 63.54 
(grams per mole.) Using Avogadro’s number of 6 x 10 23 atoms per mole, and assuming 
one conduction electron per atom, we find for the volume density N: 



23 cuums 

N = — ^ (8.9 x 10* (1 eleCtr ° n ) 

K3 ci m 3 atom 



8.4 x 10 electrons/nr 



It follows that: 



Ne 2 _ (8.4 x 10 28 ) (1.6 x 10~ 19 ) 2 
ma (9.1 x 10 -31 ) (4.1 x 10 13 ) 



= 5.8 x 10 7 Siemens /m 



where we used e = 1.6 x 10 19 , m = 9.1 x 10 31 , a = 4.1 x 10 13 . The plasma frequency 
of copper can be calculated by 



2tt 27 tv me 0 



= 2.6 x 10 ib Hz 



which lies in the ultraviolet range. For frequencies such that co a, the conductivity 
(1.9.14) may be considered to be independent of frequency and equal to the dc value of 
Eq. (1.9.15). This frequency range covers most present-day RF applications. For example, 
assuming co < 0.1a, we find f < 0.1a/2n = 653 GHz. □ 

So far, we assumed sinusoidal time dependence and worked with the steady-state 
responses. Next, we discuss the transient dynamical response of a conductor subject to 
an arbitrary time-varying electric held E (t) . 

Ohm’s law can be expressed either in the frequency-domain or in the time-domain 
with the help the Fourier transform pair of equations: 



J(co)= a(co)E(co) <^> J(t)= a(t - t')E(t')dt' 

J — 00 



(1.9.16) 



where <r(f) is the causal inverse Fourier transform of cr(co). For the simple model of 
Eq. (1.9.14), we have: 



<r(f)= e 0 o)pe at u(t) 



(1.9.17) 



where u (t) is the unit-step function. As an example, suppose the electric held E(t) is a 
constant electric held that is suddenly turned on at f = 0, that is, E(t) = Eu(t). Then, 
the time response of the current will be: 

J(t)= f 6o cole~ a{t ~ t ' ) Edt' = €oCVp E(l - e~ at ) = <jE( 1 - e~ at ) 

Jo y oc 
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where cr = e 0 co 2 / a is the nominal conductivity of the material. 

Thus, the current starts out at zero and builds up to the steady-state value of J = aE, 
which is the conventional form of Ohm’s law. The rise time constant is t = 1/ a. We 
saw above that t is extremely small— of the order of 10“ 14 sec— for good conductors. 

The building up of the current can also be understood in terms of the equation of 
motion of the conducting charges. Writing Eq. (1.9.2) in terms of the velocity of the 
charge, we have: 

v(f) + av(f)= —E(t) 
m 

Assuming E (f ) = Eu(t) , we obtain the convolutional solution: 

rt 

v(f)= ') JL E(t')dt' = E(l - e~ at ) 

Jo m ma 

For large f , the velocity reaches the steady-state value Voo = (e/ma)E, which reflects 
the balance between the accelerating electric held force and the retarding frictional force, 
that is, mavoo = eE. The quantity e/ma is called the mobility of the conduction charges. 
The steady-state current density results in the conventional Ohm’s law: 

Ne 2 

J = Nev oo = E = ctE 

ma 



Charge Relaxation in Conductors 

Next, we discuss the issue of charge relaxation in good conductors [118-121]. Writing 
(1.9.16) three-dimensionally and using (1.9.17), Ohm’s law reads in the time domain: 

J(r,t)=oo 2 p f e- a{t - t ' ) e 0 E(r,t') dt’ (1.9.18) 

Taking the divergence of both sides and using charge conservation, V ■ J + p = 0, 
and Gauss’s law, eoV ■ E = p, we obtain the following integro-differential equation for 
the charge density p (r, f ) : 



-p(r, t)= V ■ J(r, t)= col 



■ E{ r, t')dt' = col 



Differentiating both sides with respect to t, we find that p satisfies the second-order 
differential equation: 



p(r,t) + ap(r,t)+co 2 p(r,t)= 0 (1.9.19) 

whose solution is easily verified to be a linear combination of: 



e at/2 cos(co re if) , e at/2 sin(co re if) , where co re i 




Thus, the charge density is an exponentially decaying sinusoid with a relaxation time 
constant that is twice the collision time t = 1/ a\ 
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(relaxation time constant) (1.9.20) 

Typically, co p » a, so that co re i is practically equal to c o p . For example, using the 
numerical data of Example 1.9.1, we hnd for copper T re i = 2t = 5xl0~ 14 sec. We 
calculate also: f re \ = co re i/2n = 2.6xl0 15 Hz. In the limit a — oo, or t — 0, Eq. (1.9.19) 
reduces to the naive relaxation equation (1.6.3) (see Problem 1.8). 

In addition to charge relaxation, the total relaxation time depends on the time it takes 
for the electric and magnetic fields to be extinguished from the inside of the conductor, 
as well as the time it takes for the accumulated surface charge densities to settle, the 
motion of the surface charges being damped because of ohmic losses. Both of these 
times depend on the geometry and size of the conductor [120]. 




Power Losses 

To describe a material with both dielectric and conductivity properties, we may take the 
susceptibility to be the sum of two terms, one describing bound polarized charges and 
the other unbound conduction charges. Assuming different parameters {coo, co p , tx} 
for each term, we obtain the total dielectric constant: 



( — co 2 + jcoa d jco(a c + jco) 



(1.9.21) 



Denoting the first two terms by e d (co) and the third by a c (co) //co, we obtain the 
total effective dielectric constant of such a material: 



(effective dielectric constant) (1.9.22) 

In the low-frequency limit, co = 0, the quantities e d (0) and cr c (0) represent the 
nominal dielectric constant and conductivity of the material. We note also that we can 
write Eq. (1.9.22) in the form: 




jcoe(co) = a c (co) +jco€ d (co) (1.9.23) 

These two terms characterize the relative importance of the conduction current and 
the displacement (polarization) current. The right-hand side in Ampere’s law gives the 
total effective current: 

/tot = / + = / +jcoD = a c (c o)E + jcve d (w)E = jcve(cv)E 

where the term/disp = dD/dt = jcoe d (co)E represents the displacement current. The 
relative strength between conduction and displacement currents is the ratio: 

/ cond 
/ disp 

This ratio is frequency-dependent and establishes a dividing line between a good 
conductor and a good dielectric. If the ratio is much larger than unity (typically, greater 



|cr c (co)E| = |q- c (co)l 



(1.9.24) 
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than 10), the material behaves as a good conductor at that frequency; if the ratio is much 
smaller than one (typically, less than 0.1), then the material behaves as a good dielectric. 

Example 1.9.2: This ratio can take a very wide range of values. For example, assuming a fre- 
quency of 1 GHz and using (for illustration purposes) the dc-values of the dielectric con- 
stants and conductivities, we find: 

{ 10 9 for copper with a = 5.8xl0 7 S/m and e = c 0 
1 for seawater with cr = 4 S/m and c = 72 Co 
10 -9 for a glass with cr = 10 _1 ° S/m and e = 2 c 0 

Thus, the ratio varies over 18 orders of magnitude! If the frequency is reduced by a factor 
of ten to 100 MHz, then all the ratios get multiplied by 10. In this case, seawater acts like 
a good conductor. □ 

The time-averaged ohmic power losses per unit volume within a lossy material are 
given by Eq. (1.8.6). Writing e (co) = e' (co) -je" (co), we have: 

/tot = jcoe(co)E = jcoe' (co)E+ coe" (co)E 

Denoting | E \ 2 = E ■ £*, it follows that: 

= |Re[/ tot -£*] = tcoe"(co) |£| 2 (ohmic losses) (1.9.25) 

Writing e d (co)= e' d (c o) -je d (co) and assuming that the conductivity <r c (co) is real- 
valued for the frequency range of interest (as was discussed in Example 1.9.1), we hnd 
by equating real and imaginary parts of Eq. (1.9.22): 

e'(co)= e' d (co) , e" (co) = e d (co) + (Jc (1.9.26) 

u co 

Then, the power losses can be written in a form that separates the losses due to 
conduction and those due to the polarization properties of the dielectric: 

= ^{o' c (tjo)+coe d (co)) \E\ 2 (ohmic losses) (1.9.27) 

A convenient way to quantify the losses is by means of the loss tangent defined in 
terms of the real and imaginary parts of the effective dielectric constant: 

(loss tangent) (1.9.28) 

where 0 is the loss angle. Eq. (1.9.28) may be written as the sum of two loss tangents, 
one due to conduction and one due to polarization. Using Eq. (1.9.26), we have: 




/ cond _ CT 

/disp CO C 



Q'c(tv) +tve d (tv) _ a c (co) e d (co) 



cve d (w) 



we d (cv) e d (w) 



tan0 c + tan 0 d 



The ohmic loss per unit volume can be expressed in terms of the loss tangent as: 



dP\0SS 

dV 




2 



(ohmic losses) 



(1.9.30) 
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Plasmas 



To describe a collisionless plasma, such as the ionosphere, the simple model considered 
in the previous sections can be specialized by choosing coo and a = 0. Thus, the 
conductivity given by Eq. (1.9.14) becomes pure imaginary: 



<t( go) = 



£o Wp 

jcv 



The corresponding effective dielectric constant of Eq. (1.9.13) becomes purely real: 



e(w) = e 0 + 



<t(co) 

jcv 




(1.9.31) 



The plasma frequency can be calculated from cv p = Ne 2 /me o. In the ionosphere 
the electron density is typically N = 10 12 , which gives f p = 9 MHz. 

We will see in Sec. 2.6 that the propagation wavenumber of an electromagnetic wave 
propagating in a dielectric/conducting medium is given in terms of the effective dielec- 
tric constant by: 



k = cv^jpe(cv) 



It follows that for a plasma: 

k = co^/p 0 eo(l - cvp/cv 2 ) = ^co 2 - cv p 
where we used c = 1 / V/JoCo- 

If co > c o p , the electromagnetic wave propagates without attenuation within the 
plasma. But if co < c o p , the wavenumber k becomes imaginary and the wave gets 
attenuated. At such frequencies, a wave incident (normally) on the ionosphere from the 
ground cannot penetrate and gets reflected back. 



1.10 Problems 

1.1 Prove the vector algebra identities: 

Ax (BxC)= B(A ■ C)—C(A ■ B) (BAC-CAB identity) 

A ■ (Bx C) = B ■ (Cx A) = C ■ ( AxB ) 

\A X B\ 2 + | A ■ B\ 2 = \A\ 2 \B\ 2 

A = nxAxn + (n-A)ii (n is any unit vector) 

In the last identity, does it a make a difference whether nxAxnis taken to mean n x (Axn) 
or (n x A) xn? 

1.2 Prove the vector analysis identities: 
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V x (V<£)= 0 

V ■ (0V(//)= c/)V 2 (/y + V$ ■ S/ijj (Green’s first identity) 

V ■ - ipS/cf)) = <pS/ 2 ip - ipS7 2 (f) (Green’s second identity) 

V ■ ( <j>A)= (V0)-A+0V A 

V x (cpA) = (V$) xA + V x A 

V ■ (V x A)= 0 

V ■ A X B = B ■ ( V X A) -A ■ (V X B) 

V x (V X A) = V (V ■ A) - V 2 A 

1.3 Consider the infinitesimal volume element AxAyAz shown below, such that its upper half 
lies in medium e\ and its lower half in medium e 2 ■ The axes are oriented such that n = z. 
Applying the integrated form of Ampere’s law to the infinitesimal face abed, show that 

H 2 y - Hiy = J x Az + 

In the limit Az — 0, the second term in the right-hand side may be assumed to go to zero, 
whereas the first term will be non-zero and may be set equal to a surface current density, 
that is, J sx = lim^z^o (/*Az) . Show that this leads to the boundary condition H iy - H 2y = 
- Jsx ■ Similarly, show that H\ x - H 2x = Jsy, and that these two boundary conditions can be 
combined vectorially into Eq. (1.4.4). 




Next, apply the integrated form of Gauss’s law to the same volume element and show the 
boundary condition: D\ z - D 2z = p s = lim Az^oipAz). 

1.4 Show that the time average of the product of two harmonic quantities J4(f)= R e[Ae^ wt ] 
and B (t) = Re [Be^ wt ] with phasors A, B is given by: 

MiTB(ij= ^ ^ Re[AB*] 

I JO Z 

where T = 2n/co is one period. Then, show that the time-averaged values of the cross 
and dot products of two time-harmonic vector quantities J4(f)= Re[Ae ja;t ] and ®(f) = 
Ref-Be 7 ^] can be expressed in terms of the corresponding phasors as follows: 

JKf)x®(f) = i Re [A x B* ] , _a(t).®(f) = i Re [A ■ B* ] 

1.5 Assuming that B = pH, show that Maxwell’s equations (1.8.2) imply the following complex- 
valued version of Poynting’s theorem: 



V X (Ex H*)= -jcopH ■ H* - E- J* t , where J tot = J + jcoD 
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Extracting the real-parts of both sides and integrating over a volume V bounded by a closed 
surface S, show the time-averaged form of energy conservation: 

- £ i Re [E x H * ] -dS = ^ i Re [E ■ J*J dV 

which states that the net time-averaged power flowing into a volume is dissipated into heat. 
For a lossless dielectric, show that the above integrals are zero and provide an interpretation. 

1.6 Assuming that D = eE and B = pH, show that Maxwell’s equations (1.1.1) imply the following 
relationships: 

c) B 1 

pE x + (Dx — ) x = V ■ (eE x E-x-eE 2 ) 

(Jx B) x + {-^ x B) x = V ■ (ijH x H - x 

where the subscript x means the x-component. From these, derive the following relationship 
that represents momentum conservation: 

fx + it = v ' Tx (1 ' 10 ' 1) 

where f x , G x are the x-components of the vectors f= pE+ Jx B and G = Dx B, and T x is 
defined to be the vector (equal to Maxwell’s stress tensor acting on the unit vector x): 

T x = eE x E + pH x H- x | (eE 2 + pH 2 ) 

Write similar equations of the y, z components. The quantity G x is interpreted as the field 
momentum (in the x-direction) per unit volume, that is, the momentum density. 

1 . 7 Show that the plasma frequency for electrons can be expressed in the simple numerical form: 
f p = 9 VN, where f p is in Hz and N is the electron density in electrons/m 3 . What is f p for 
the ionosphere if N = 10 12 ? [Ans. 9 MHz.] 

1.8 Show that the relaxation equation (1.9.19) can be written in the following form in terms of 
the dc-conductivity a defined by Eq. (1.9.15): 

—p(r,t)+p(r, t) + — p(r,t) = 0 
(x e 0 

Then, show that it reduces to the naive relaxation equation (1.6.3) in the limit t = 1/ a — 0. 
Show also that in this limit, Ohm’s law (1.9.18) takes the instantaneous form J = crE, from 
which the naive relaxation constant T re i = eo/cr was derived. 

1.9 Conductors and plasmas exhibit anisotropic and birefringent behavior when they are in the 
presence of an external magnetic field. The equation of motion of conduction electrons in 
a constant external magnetic field is mv = e(E + v x B)-mav, with the collisional term 
included. Assume the magnetic field is in the z-direction, B = zB, and that E = xE x + y E y 
and v = xv* + y v y . 

a. Show that in component form, the above equations of motion read: 
e 

v x = —E x + (X) B Vy - av x 

where cob = — = (cyclotron frequency) 
e m 

Vy = — Ey - CO B V X - aVy 



What is the cyclotron frequency in Hz for electrons in the Earth’s magnetic field B = 
0.4 gauss = 0.4xl0 -4 Tesla? [Ans. 1.12 MHz.] 
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b. To solve this system, work with the combinations v* ± jv y . Assuming harmonic time- 
dependence, show that the solution is: 

~(E X ±jEy) 

YYl 7 

V* ± JVy = 

a+j( (v±cv B ) 

c. Define the induced currents as J = Nev. Show that: 

Jx — jJ y = o- ± (cv) (E x ± j E y ) , where a ± ( co)= — — y 

a +j(co ± cv B ) 

Ne 2 

where cr 0 = is the dc value of the conductivity. 

ma 

d. Show that the f-domain version of part (c) is: 

Jx(t)±jJ y (t)= f <j+(t - t') (E x (t')±jE y (t'))dt r 
Jo 

where cr±(t)= acroe-^e+^^uit) is the inverse Fourier transform of cr+(co) and 
u(t ) is the unit-step function. 

e. Rewrite part (d) in component form: 

Jx(t) = f [a xx (t-t')E x (t')+a xy (t- t')Ey(t')]dt r 
Jo 

J y (t) = f [a yx (t-t')E x (t')+a y y(t-t')Ey(t')]dt' 

Jo 

and identify the quantities cr xx (t) , cr xy (t) , cr yx (t) , cr yy (f ) . 

f. Evaluate part (e) in the special case E x ( t ) = E x u ( t ) and E y ( t ) = E y u ( t ) , where E x , E y 
are constants, and show that after a long time the steady-state version of part (e) will 
be: 



Jx = cr 0 



Jy = CTq 



E x + bEy 
1 + b 2 
Ey — bE x 
1 + b 2 




where b = co B /a. If the conductor has finite extent in the y-direction, as shown above, 
then no steady current can flow in this direction, J y = 0. This implies that if an electric 
held is applied in the x-direction, an electric held will develop across the y-ends of the 
conductor, E y = bE x . The conduction charges will tend to accumulate either on the 
right or the left side of the conductor, depending on the sign of b, which depends on 
the sign of the electric charge e. This is the Hall effect and is used to determine the 
sign of the conduction charges in semiconductors, e.g., positive holes for p-type, or 
negative electrons for n-type. 

What is the numerical value of b for electrons in copper if B is 1 gauss? [Ans. 43.] 

g. For a collisionless plasma (cx = 0), show that its dielectric behavior is determined from 
D x ±jD y = e±(cv)(E x ±jE y ), where 

e±(co)=eo(l - r) 

V CO (CO ± CO B ) J 

where co p is the plasma frequency. Thus, the plasma exhibits birefringence. 



2 

Uniform Plane Waves 



2.1 Uniform Plane Waves in Lossless Media 

The simplest electromagnetic waves are uniform plane waves propagating along some 
fixed direction, say the z-direction, in a lossless medium {e, p}. 

The assumption of uniformity means that the fields have no dependence on the 
transverse coordinates x,y and are functions only of z, f. Thus, we look for solutions 
of Maxwell’s equations of the form: E(x, y, z, t) = E(z, t) and H(x, y, z, t) = H(z, t ) . 

Because there is no dependence on x, y, we set the partial derivatives 1 ^ d x = 0 and 
d y = 0. Then, the gradient, divergence, and curl operations take the simplified forms: 



Assuming that D = eE and B = fiH, the source-free Maxwell’s equations become: 





. dE 


dH 


dH 


zx jz = 


af 




dz 


dH 


dE 


dE 

= C 


zx «r- 


6 dt 


O 

( 

CD 

4 


fi.o 

dz 





( 2 . 1 . 1 ) 



V ■ H= 0 dHz = 

dz 

An immediate consequence of uniformity is that E and H do not have components 
along the z-direction, that is, E z = H z = 0. Taking the dot-product of Ampere’s law 
with the unit vector z, and using the identity z ■ (z x A) = 0, we have: 
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Because also d z E z = 0, it follows that E z must be a constant, independent of z, t. 
Excluding static solutions, we may take this constant to be zero. Similarly, we have 
H z = 0. Thus, the fields have components only along the x,y directions: 



E(z,t) = xE x (z,t)+yE y (z,t) 
H(z,t) = xH x (z, t)+yH y (z, t) 



(transverse fields) 



These fields must satisfy Faraday’s and Ampere’s laws in Eqs. (2.1.1). We rewrite 
these equations in a more convenient form by replacing e and p by: 

e =— , p = — , where c = 17 = (2.1.3) 

r]c c Vpe V e 

Thus, c, q are the speed of light and characteristic impedance of the propagation 
medium. Then, the first two of Eqs. (2.1.1) may be written in the equivalent forms: 

, dE 1 dH 

z x — = — r/^— 
dz c dt 

, . 2- 1 - 4 
, dH 1 dE 

n z x — = - — 

dz c dt 

The hr st may be solved for d z E by crossing it with z. Using the BAC-CAB rule, and 
noting that E has no z-component, we have: 

A dE\ „ dE ^ ^ / dE\ dE 

\ zx Tz) xz= Tz (z - z) - z { z -Tz) = Tz 



where we used z ■ d z E = d z E z = 0 and z ■ z = 1. It follows that Eqs. (2.1.4) may be 
replaced by the equivalent system: 



(2.1.5) 



Now all the terms have the same dimension. Eqs. (2.1.5) imply that both E and H 
satisfy the one-dimensional wave equation. Indeed, differentiating the first equation 
with respect to z and using the second, we have: 




d^E 

dz 2 



1 d_ d_ 

c dt dz 



( riHx 



z) = 



d^E 
c 2 W 



or, 



(wave equation) (2.1.6) 

and similarly for H. Rather than solving the wave equation, we prefer to work directly 
with the coupled system (2.1.5). The system can be decoupled by introducing the so- 
called forward and backward electric fields defined as the linear combinations: 
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E+ = |(£+ pHx z) 

(forward and backward fields) (2.1.7) 

E = i(E-rjHxz) 

These can be inverted to express E,H in terms of E+,E-. Adding and subtracting 
them, and using the BAC-CAB rule and the orthogonality conditions z ■ E± = 0, we obtain: 



F = F+ + F_ 

H= - zx [E+ -E-] 

n 



( 2 . 1 . 8 ) 



Then, the system of Eqs. (2.1.5) becomes equivalent to the following decoupled sys- 
tem expressed in terms of the forward and backward fields E±: 



dE+ _ 1 0F+ 

dz c dt 

dE- _ 1 0F _ 

dz + c dt 

Using Eqs. (2.1.5), we verify: 



(2.1.9) 



-d- (E± pH X z) = 
dz 



1 _S_ 
c d t 



(pHx 



z) 



_1 0F 

+ “ 

C 0f 



_1 _ 0 _ 

+ C 0f 



(F ± pH X z) 



Eqs. (2.1.9) can be solved by noting that the forward held E+ (z, t) must depend on 
z, t only through the combination z - ct. Indeed, if we set E+ (z, t) = F(z — ct) , where 
F(£) is an arbitrary function of its argument f = z - ct, then we will have: 

Mi = ± F(7 _ rt)= = ai7 (g) 

az 0z 0z 0? 0? dE ± = _ldE ± 

dE + d r , ^ dt, dF(Q dF(Q * dz ~ c dt 
— - y t F(z-c D- ~ ~ c ^~ 



Vectorially, F must have only x,y components, F = xF x + y F y , that is, it must be 
transverse to the propagation direction, z ■ F = 0. 

Similarly, we find from the second of Eqs. (2.1.9) that E- (z, t) must depend on z, f 
through the combination z + ct, so that E- (z, t) = G(z + ct) , where G(§) is an arbitrary 
(transverse) function of 5 = z + ct. In conclusion, the most general solutions for the 
forward and backward fields of Eqs. (2.1.9) are: 



E+ (z, f) = E(z - ct) 
E- (z, t) = G(z + ct) 



( 2 . 1 . 10 ) 



with arbitrary functions F and G, such that z ■ F = z ■ G = 0. 

Inserting these into the inverse formula (2.1.8), we obtain the most general solution 
of (2.1.5), expressed as a linear combination of forward and backward waves: 
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E{z, t) = F(z - ct) +G(z + ct) 

H(z, t) = — z X [F(z - ct)-G(z + ct) ] 

n 



( 2 . 1 . 11 ) 



The term E+ (z, t) = F{z - ct) represents a wave propagating with speed c in the 
positive z-direction, while £1 (z, t) = G(z+cf ) represents a wave traveling in the negative 
z-direction. 

To see this, consider the forward held at a later time t + At. During the time interval 
At, the wave moves in the positive z-direction by a distance Az = cAt. Indeed, we have: 



E+ (z, t + At) = F(z - c(f + At) ) = F(z - cAt - ct) 

=> E+ (z, f + At) = E+(z — Az, t) 

E+ (z - Az, f) = F( (z - Az) -ct) = F{z - cAt - ct) 



This states that the forward held at time f + Af is the same as the held at time f, but 
translated to the right along the z-axis by a distance Az = cAt. 

Similarly, we hnd that FT (z,t + At) = F_ (z + Az, t) , which states that the backward 
held at time f + At is the same as the held at time f, translated to the left by a distance 
Az. Fig. 2.1.1 depicts these two cases. 



E + (z,t) 




f \ E + (z, t+At) = E + (z- Az, t) 



Az - cAt 



E_(z, t+At) = E_(z+ Az, t) :\ 



E_(z,t) 




Az = cAt 



Fig. 2.1.1 Forward and backward waves. 

The two special cases corresponding to forward waves only (G = 0) , or to backward 
ones (F = 0), are of particular interest. For the forward case, we have: 

F(z, t) = F(z - ct) 

H(z, t) = — z X F(z - ct)= - zx F(z, t) 

n n 

This solution has the following properties: (a) The held vectors F and H are perpen- 
dicular to each other, E ■ H = 0, while they are transverse to the z-direction, (b) The 
three vectors {F, H, z} form a right-handed vector system as shown in the hgure, in the 
sense that Ex H points in the direction of z, (c) The ratio of F to H x z is independent 
of z, t and equals the characteristic impedance p of the propagation medium; indeed: 
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H(z,t) = — zx E(z,t) => E(z, t) = tjEl(z, t) xz (2.1.13) 

n 

The electromagnetic energy of such forward wave flows in the positive z-direction. 
With the help of the BAC-CAB rule, we find for the Poynting vector: 

T = ExH= z^\F\ 2 = cze\F\ 2 (2.1.14) 

where we denoted \F\ 2 = F- F and replaced 1/rj = ce. The electric and magnetic energy 
densities (per unit volume) turn out to be equal to each other. Because z and F are 
mutually orthogonal, we have for the cross product |z x F\ = \z\\F\ = |F|. Then, 

W e = \E\ 2 = t e |f| 2 

W m = ^ \H \ 2 = t/LY T|zx F | 2 = t e |f | 2 = We 

where we replaced p/r/ 2 = e. Thus, the total energy density of the forward wave will be: 

w = w e + w m = 2 w e = e|F| 2 (2.1.15) 

In accordance with the flux/density relationship of Eq. (1.5.2), the transport velocity 
of the electromagnetic energy is found to be: 

T cze|F| 2 

v = — = — , = cz 

w e|F| 2 

As expected, the energy of the forward-moving wave is being transported at a speed 
c along the positive z-direction. Similar results can be derived for the backward-moving 
solution that has F= 0 and G ± 0. The fields are now: 



E(z, t) = G(z + ct) 

H(z , t) = - — z X G(z + ct) = z X E(z, t) 
n ri 




(2.1.16) 



The Poynting vector becomes T = Ex H = -cze\G\ 2 and points in the negative 
z-direction, that is, the propagation direction. The energy transport velocity is v = -cz. 
Now, the vectors {E,H,-z} form a right-handed system, as shown. The ratio of E to H 
is still equal to rj, provided we replace z with -z: 



H(z,f) = 



1 

n 



(-z) xE(z, t) 



E(z, t)= rj H(z, t) x (-z) 



In the general case of Eq. (2.1.11), the E/H ratio does not remain constant. The 
Poynting vector and energy density consist of a part due to the forward wave and a part 
due to the backward one: 



T = ExH= cz{e\F\ 2 - e\G\ 2 ) 
w = t,€\E\ 2 + ^/j\H\ 2 = e\F\ 2 + e\G\ 2 



(2.1.17) 
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Example 2.1.1: A source located at z = 0 generates an electric field E( 0, f)= xE 0 u(t), where 
u(t) is the unit-step function, and E 0 , a constant. The field is launched towards the positive 
z-direction. Determine expressions for E(z, t ) and H(z, f). 

Solution: For a forward-moving wave, we have E(z, t ) = F(z - ct) = F( 0 - c(t - z/c) ) , which 
implies that E(z, t ) is completely determined by E(z, 0) , or alternatively, by E( 0, t ) : 



E(z, t ) = E(z - ct, 0) = E( 0, t - z/c) 



Using this property, we find for the electric and magnetic fields: 



E(z,t) = E(0,t - z/c)= xE 0 u(t - z/c) 

1 E 

H(z,t) = - zx E(z,t)= y — u(t - z/c) 

n n 



E(z,t+At) 



0 



ct c(t+At) 



Because of the unit-step, the non-zero values of the fields are restricted to t - z/c > 0, or, 
z < ct, that is, at time f the wavefront has propagated only up to position z = ct. The 
figure shows the expanding wavefronts at time t and t + At. □ 

Example 2.1.2: Consider the following three examples of electric fields specified at t = 0, and 
describing forward or backward fields as indicated: 



E(z, 0) = x£o cos(kz) 

E(z, 0) = y E 0 cos (kz) 

E(z, 0)= xE i cos(kiz)+yE 2 cos (k 2 z) 



(forward-moving) 

(backward-moving) 

(forward-moving) 



where k, k\,k 2 are given wavenumbers (measured in units of radians/m.) Determine the 
corresponding fields E{z, t) and H(z, t) . 

Solution: For the forward-moving cases, we replace z by z - ct, and for the backward-moving 
case, by z + ct. We find in the three cases: 

E(z,t) = xE 0 cos (k(z - ct)) = xE 0 cos (cut - kz) 

E(z,t) = yE 0 cos(k(z + ct)) = y E 0 cos (cut + kz) 

E(z, t) = xEi cos(coif - k\z) +yE 2 cos(cu 2 t - k 2 z) 

where cu = kc, and coi = kic, cu 2 = k 2 c. The corresponding magnetic fields are: 

1 E 

H(z, f) = — z x E(z, t)=y — cos (c of - kz) (forward) 

n n 

1 E 

H(z, t) = — zx E(z, f ) = x — cos (c ut + kz) (backward) 
n rj 

1 E\ E 2 

H(z,t) = - zx E(z,t)= y — cos(cuit - kiz) -x — cos(co 2 f - k 2 z) 
n rj r\ 



The first two cases are single-frequency waves, and are discussed in more detail in the 
next section. The third case is a linear superposition of two waves with two different 
frequencies and polarizations. □ 
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2.2 Monochromatic Waves 



Uniform, single-frequency, plane waves propagating in a lossless medium are obtained 
as a special case of the previous section by assuming the harmonic time-dependence: 



E(x,y,z, t) = E(z)e Jwt 
H(x,y,z,t) = H(z)e jwt 



( 2 . 2 . 1 ) 



where E(z) and H{z) are transverse with respect to the z-direction. 

Maxwell’s equations (2.1.5), or those of the decoupled system (2.1.9), may be solved 
very easily by replacing time derivatives by d t jco. Then, Eqs. (2.1.9) become the 
first-order differential equations (see also Problem 2.3): 



with solutions: 



= + jk E± (z) , where k = ^ 

E+ (z) = Eo+e~^ kz (forward) 

E- (z) = Eo-e jkz (backward) 



cv^jle 



( 2 . 2 . 2 ) 



(2.2.3) 



where E 0± are arbitrary (complex-valued) constant vectors such that z ■ E 0± = 0. The 
corresponding magnetic fields are: 



H+ (z) = — z x E+ (z) = — (z x Eo+)e jkz = Ho+e jkz 

n n 

H-(z) = - — z x E- (z) = - — (z x Eo- ) e) kz = Ho~e jkz 

n n 



(2.2.4) 



where we defined the constant amplitudes of the magnetic fields: 



Ho± = ± — z X Eo± (2.2.5) 

Inserting (2.2.3) into (2.1.8), we obtain the general solution for single-frequency 
waves, expressed as a superposition of forward and backward components: 



E(z) = E 0+ e~ Jkz + E 0 -e Jkz 

H(z ) = bx [E 0+ e~ jkz - E 0 .e jkz ] 



(forward + backward waves) 



( 2 . 2 . 6 ) 



Setting £o± = xA± +yB±, and noting that zxEo± = zx (xA+ +yB±) = yA± -xB±, 
we may rewrite (2.2.6) in terms of its cartesian components: 

E x (z) = A+e~ jkz + A-eJ kz , E y (z) = B+e~ Jkz + B-e^ kz 

1 1 (2.2.7) 

H y (z)= -\A + e~J kz -A-e> kz ], H x (z)= -- [B + e~J kz - B^e) kz \ 

rj rj 

Wavefronts are defined, in general, to be the surfaces of constant phase. A forward 
moving wave E(z) = Eoe~^ kz corresponds to the time-varying held: 
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E(z, t ) = E 0 e Jwt jkz = E 0 e J<p(z,f) , where ( p(z, t)= kz - cot 

A surface of constant phase is obtained by setting cp(z, t)= const. Denoting this 
constant by <po = kzo and using the property c = c oik, we obtain the condition: 

cp(z, t) = cpo => kz - cot = kz 0 => z = ct + z 0 

Thus, the wavefront is the xy-plane intersecting the z-axis at the point z = cf + zo, 
moving forward with velocity c. This justifies the term “plane wave.” 

A backward-moving wave will have planar wavefronts parametrized by z = -ct + zo, 
that is, moving backwards. A wave that is a linear combination of forward and backward 
components, may be thought of as having two planar wavefronts, one moving forward, 
and the other backward. 

The relationships (2.2.5) imply that the vectors {Eo+, Ho+, z} and {Eo-,Ho-, -z} will 
form right-handed orthogonal systems. The magnetic held Ho± is perpendicular to the 
electric held £b± and the cross-product Eq± x Ho± points towards the direction of prop- 
agation, that is, ±z. Fig. 2.2.1 depicts the case of a forward propagating wave. 




Fig. 2.2.1 Forward uniform plane wave. 

The wavelength A is the distance by which the phase of the sinusoidal wave changes 
by 2tt radians. Since the propagation factor e~^ kz accumulates a phase of k radians per 
meter, we have by dehnition that k\ = 2n. The wavelength A can be expressed via the 
frequency of the wave in Hertz, f = co/2tt, as follows: 



2 tt _ 2ttc _ c 
k co f 



( 2 . 2 . 8 ) 



If the propagation medium is free space, we use the vacuum values of the parame- 
ters {e, p, c, r/}, that is, {eo, f/o, Co, hoi- The free-space wavelength and corresponding 
wavenumber are: 



Ao = 



2tt 

k I' 



Co 

f ’ 




(2.2.9) 



In a lossless but non-magnetic (p = po) dielectric with refractive index n = sfeTe o, 
the speed of light c, wavelength A, and characteristic impedance g are all reduced by a 
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scale factor n compared to the free-space values, whereas the wavenumber k is increased 
by a factor of n. Indeed, using the definitions c = 1/^fpoe and r/ = V/^o /e, we have: 

( 2 . 2 . 10 ) 

Example 2.2.1: A microwave transmitter operating at the carrier frequency of 6 GHz is pro- 
tected by a Plexiglas radome whose permittivity is e = 3eo- 

The refractive index of the radome is n = ^ele o = y/3 = 1.73. The free-space wavelength 
and the wavelength inside the radome material are: 




3 x 10 8 
6 x 10 9 



0.05 m = 5 cm, 



We will see later that if the radome is to be transparent to the wave, its thickness must be 
chosen to be equal to one-half wavelength, / = A/ 2. Thus, / = 2.9/2 = 1.45 cm. □ 



Example 2.2.2: The nominal speed of light in vacuum is Co = 3xl0 8 m/s. Because of the rela- 
tionship Co = A f, it maybe expressed in the following suggestive units that are appropriate 
in different application contexts: 



Co = 5000 km X 60 Hz 
300 m x 1 MHz 
40 mx 7.5 MHz 
3 m x 100 MHz 
30 cm x 1 GHz 
10 cm x 3 GHz 
3 cm x 10 GHz 
1.5 pm X 200 THz 
500 nm x 600 THz 
100 nm x 3000 THz 



(power systems) 
(AM radio) 

(amateur radio) 

(FM radio, TV) 

(cell phones) 
(waveguides, radar) 
(radar, satellites) 
(optical fibers) 
(visible spectrum) 
(UV) 



Similarly, in terms of length/time of propagation: 

Co = 36 000 km/ 120 msec (geosynchronous satellites) 

300 km/msec (power lines) 

300 m/psec (transmission lines) 

30 cm/nsec (circuit boards) 



The typical half-wave monopole antenna (half of a half-wave dipole over a ground plane) 
has length A/4 and is used in many applications, such as AM, FM, and cell phones. Thus, 
one can predict that the lengths of AM radio, FM radio, and cell phone antennas will be of 
the order of 75 m, 0.75 m, and 7.5 cm, respectively. 

A more detailed list of electromagnetic frequency bands is given in Appendix B. The precise 
value of Co and the values of other physical constants are given in Appendix A. □ 

Wave propagation effects become important, and cannot be ignored, whenever the 
physical length of propagation is comparable to the wavelength A. It follows from 
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Eqs. (2.2.2) that the incremental change of a forward-moving electric held in propagating 



from z to z + Az is: 



AE+ 

Tev I 



kAz 




( 2 . 2 . 11 ) 



Thus, the change in the electric held can be ignored only if Az <<c A, otherwise, propa- 
gation effects must be taken into account. 

For example, for an integrated circuit operating at 10 GHz, we have A = 3 cm, which 
is comparable to the physical dimensions of the circuit. 

Similarly, a cellular base station antenna is connected to the transmitter circuits by 
several meters of coaxial cable. For a 1-GHz system, the wavelength is 0.3 m, which 
implies that a 30-m cable will be equivalent to 100 wavelengths. 



2.3 Energy Density and Flux 

The time-averaged energy density and hux of a uniform plane wave can be determined 
by Eq. (1.8.6). As in the previous section, the energy is shared equally by the electric 
and magnetic helds (in the forward or backward cases.) This is a general result for most 
wave propagation and waveguide problems. 

The energy hux will be in the direction of propagation. For either a forward- or a 
backward-moving wave, we have from Eqs. (1.8.6) and (2.2.5): 

w e = |r e[|e£ ± (z)-E*(z)] = ^Re [^eEo ± e~ Jkz ■ EqV* 2 ] = \e\E 0± \ 2 

^ Re H± (z) -H* (z) j = tju|Ho ± | 2 = ^-^\zx E 0± \ 2 = t e |£ 0 ±l 2 = w e 

Thus, the electric and magnetic energy densities are equal and the total density is: 



w = w e + w m = 2 w e = -e\ E 0± | 2 
For the time-averaged Poynting vector, we have similarly: 



(2.3.1) 



P = t Re[£+ (z) xH* (z)] = T Re [ £ 0± x (±zx£ 0 * ± )] 
Using the BAC-CAB rule and the orthogonality property z ■ £o± = 0, we hnd: 



T = ± zT |£ 0± |2 = ±c ±l e \E 0± \ 2 ( 2 . 3 . 2 ) 

Thus, the energy hux is in the direction of propagation, that is, ±z. The correspond- 
ing energy velocity is, as in the previous section: 



T 

V = — = ±c z 
w 

In the more general case of forward and backward waves, we hnd: 



(2.3.3) 
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w = - Re[e£(z) -E* (z)+/j H(z) -H* (z)] = -e|£o+l 2 + -e|£o-l 2 

, . (2.3.4) 

T= ^Re[E(z)xH* (z)] = z ( ^|E 0 +I 2 - ^l^o-l 2 j 

Thus, the total energy is the sum of the energies of the forward and backward com- 
ponents, whereas the net energy flux (to the right) is the difference between the forward 
and backward fluxes. 



2.4 Wave Impedance 

For forward or backward fields, the ratio of E(z) to H(z)x z is constant and equal to 
the characteristic impedance of the medium. Indeed, it follows from Eq. (2.2.4) that 

E± (z) = ±r]H ± (z) xz 

However, this property is not true for the more general solution given by Eqs. (2.2.6). 
In general, the ratio of E(z) to H(z)x z is called the wave impedance. Because of the 
vectorial character of the fields, we must define the ratio in terms of the corresponding 
x- and y-components: 



7 [E(z)] x EAz) 

ZxU ' [H(z)x z] x H y {z) 

7 M = [£(z)] y = MA 

y [H(z)x z] y H x (z) 

Using the cartesian expressions of Eq. (2.2.7), we find: 



(wave impedances) 



ZAz) = 



Z y (z ) = -- 



A + e-^ z + A-e> kz 
1 A+e~J kz - A-A kz 

B+e~ Jkz + B-A kz 
' B+e~j kz - B-eJ kz 



(wave impedances) 



Thus, the wave impedances are nontrivial functions of z. For forward waves (that is, 
with A = B = 0), we have Z x (z) = Z y (z) = r/. For backward waves (A+ = B+ = 0), we 
have Z x (z) = Z y (z)= -rj. 

The wave impedance is a very useful concept in the subject of multiple dielectric 
interfaces and the matching of transmission lines. We will explore its use later on. 



2.5 Polarization 



Consider a forward-moving wave and let Eq = xA+ + y B+ be its complex- valued pha- 
sor amplitude, so that E(z)= Eoe~^ kz = (xA+ + y B+)e~^ kz . The time-varying held is 
obtained by restoring the factor e jcot \ 
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E(z, t) = (xA+ +y B+)e jcvt jkz 

The polarization of a plane wave is defined to be the direction of the electric held. 
For example, if B+ =0, the T-held is along the x-direction and the wave will be linearly 
polarized. 

More precisely, polarization is the direction of the time-varying real-valued held 
'E(z,t)= Re[£(z, f)]. At any hxed point z, the vector E(z,t) may be along a fixed 
linear direction or it may be rotating as a function of f , tracing a circle or an ellipse. 

The polarization properties of the plane wave are determined by the relative magni- 
tudes and phases of the complex- valued constants A+,B+. Writing them in their polar 
forms A+ = Ae^ a and B+ = Be^ b , where A,B are positive magnitudes, we obtain: 

E(z,t)= +yBe j * b )e jwt ~ jkz = xAe j(cot - kz+(l>a) +yBe j{wt - kz+<t>b) (2.5.1) 

Extracting real parts and setting E(z,t)= Re[£(z, f)] = xF x (z, t) +y 'Ey (z, t), we 
hnd the corresponding real-valued x, y components: 



X x (z,t) = Acos(cof - kz + (pa) 
'Ey (z, f ) = B cos (cot - kz + (fit) 



(2.5.2) 



For a backward moving held, we replace k by -k in the same expression. To deter- 
mine the polarization of the wave, we consider the time-dependence of these helds at 
some fixed point along the z-axis, say at z = 0: 



E x (t) = A cos(cof + <fia) 
'Ey ( f ) = Bcosiwt + fit) 



(2.5.3) 



The electric held vector E(t)= xE x (t)+yE y (t) will be rotating on the xy-plane 
with angular frequency co, with its tip tracing, in general, an ellipse. To see this, we 
expand Eq. (2.5.3) using a trigonometric identity: 



E x (t) = A[cos cot cos (fi a - sin cot sin (fi a ] 
Eyit) = B [cos cot cos fib - sin cot sin fib] 



Solving for cos cot and sin cot in terms of E x it) ,E y it) , we hnd: 



cos cot sin (fi 
sin co f sin fi 



Eyjt) 

B 



sin fia 



Eyjt) 

B 



COS (fia 



Exit) 

A 



sin fib 



'EM 

A 



COS (fib 



where we dehned the relative phase angle <fi = <fi a ~ <fib- 

Forming the sum of the squares of the two equations and using the trigonometric 
identity sin 2 cot + cos 2 cot = 1, we obtain a quadratic equation for the components E x 
and E y , which describes an ellipse on the E x , E y plane: 
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(TyiO 

V B 



sin 0 fl 



XAt) 

A 




X y (t) 

B 



COS (j) a 




sin 2 0 



This simplifies into: 



X 2 

J -'X 

A2" 



X 2 

£ 2 



2 cos 0 



X X Xy 

AB 



sin 2 0 



(polarization ellipse) 



(2.5.4) 



Depending on the values of the three quantities {A,E,0} this polarization ellipse 
may be an ellipse, a circle, or a straight line. The electric field is accordingly called 
elliptically, circularly, or linearly polarized. 

To get linear polarization, we set 0 = 0 or 0 = tt, corresponding to <p a = <t>b = 0, 
or <p a = 0, <pb = -tt, so that the phasor amplitudes are Eo = xA±yB. Then, Eq. (2.5.4) 
degenerates into: 



X 2 

A2 



B 2 AB 



= 0 



representing the straight lines: 




= 0 



' E y = ± A Xx 




The fields (2.5.2) take the forms, in the two cases 0 = 0 and 0 = tt: 

X x (f) = A cos cot X x (t) = A cos cot 

X y (t) = B cos cot an X y (t) = B cos (cot - tt)= -B cos cot 



To get circular polarization, we set A = B and 0 = ±tt/2. In this case, the polariza- 
tion ellipse becomes the equation of a circle: 



X 2 

-*~x 

A2 



+ 



X 2 

A 2 



= 1 



The sense of rotation, in conjunction with the direction of propagation, defines left- 
circular versus right-circular polarization. For the case, <p a = 0 and 0 b = -tt 12, we 
have 0 = (p a 0b = tt /2 and complex amplitude Eq = A(x-jy). Then, 



X x (f) = A cos cot 

Xy ( f ) = A cos(cof - tt/2) = A sin cot 




Thus, the tip of the electric field vector rotates counterclockwise on the xy-plane. 
To decide whether this represents right or left circular polarization, we use the IEEE 
convention[ 95], which is as follows. 
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Curl the fingers of your left and right hands into a fist and point both thumbs towards 
the direction of propagation. If the fingers of your right (left) hand are curling in the 
direction of rotation of the electric field, then the polarization is right (left) polarized. ^ 
Thus, in the present example, because we had a forward-moving field and the field is 
turning counterclockwise, the polarization will be right-circular. If the field were moving 
backwards, then it would be left-circular. For the case, 0 = -tt/2, arising from <p a = 0 
and 0b = tt/2, we have complex amplitude Eo = A(x + jy) . Then, Eq. (2.5.3) becomes: 

X x (t) - A cos cot 

X y ( t ) = A cos(cof + tt/2) = -A sincof 



The tip of the electric field vector rotates clockwise on the xy-plane. Since the wave 
is moving forward, this will represent left-circular polarization. Fig. 2.5.1 depicts the 
four cases of left/right polarization with forward/backward waves. 





Fig. 2.5.1 Left and right circular polarizations. 



To summarize, the electric field of a circularly polarized uniform plane wave will be, 
in its phasor form: 



E(z)= A(x-jy)e~J kz 
E(z)= A(x + jy) e~ Jkz 
E(z)= A(x- jy) eJ kz 
E(z)= A (x + jy) eJ kz 



(right-polarized, forward-moving) 
(left-polarized, forward-moving) 
(left-polarized, backward-moving) 
(right-polarized, backward-moving) 



If A t - B, but the phase difference is still 0 = ±tt/2, we get an ellipse with major 
and minor axes oriented along the x,y directions. Eq. (2.5.4) will be now: 



^Most engineering texts use the IEEE convention and most physics texts, the opposite convention. 
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Finally, if A ± B and (j) is arbitrary, then the major/minor axes of the ellipse (2.5.4) 
will be rotated relative to the x,y directions. Fig. 2.5.2 illustrates the general case. 




Fig. 2.5.2 General polarization ellipse. 

It can be shown (see Problem 2.10) that the tilt angle 0 is given by: 

2 AB 

tan20 = — ^ — — cos (p (2.5.5) 

A. z — B z 

The ellipse semi-axes that is, the lengths OC and OD, are given by: 

A' = ^t(A 2 +£ 2 ) + ^(A 2 -£ 2 ) 2 + 4A 2 £ 2 cos 2 <£ 

(2.5.6) 

B' = A (A 2 +B 2 )-^J(A2 -B 2 ) 2 +4A 2 £ 2 cos 2 <£ 

where s = sign (A - B). These results are obtained by defining the rotated coordinate 
system of the ellipse axes: 



E' x = E x cos 0 + 'Ey sin 0 
'Ey = E y cos 0 - E x sin 0 

and showing that Eq. (2.5.4) transforms into the standardized form: 



(2.5.7) 



A' 2 




(2.5.8) 



The polarization ellipse is bounded by the rectangle with sides at the end-points 
±A, ±B, as shown in the figure. To decide whether the elliptic polarization is left- or 
right-handed, we may use the same rules depicted in Fig. 2.5.1 
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Example 2.5.1: Determine the real-valued electric and magnetic field components and the po- 
larization of the following fields specified in their phasor form (given in units of V/m): 

a. E(z)= -3jxe~ jkz 

b. E(z)= ( 3x + 4y)e + ^ kz 

c. E(z)= (- 4x+3y)e _jkz 

d. E(z) = (3^' tt/3 x + 3y)e + J' kz 

e. E(z)= (4 x + 3e~J n/4 y) e~ jkz 

f. E(z) = {3e-j JT/8 x + 4ej JT/8 y)e + j kz 

g. E(z) = (4e J7T/4 x + 3e~ J1T/2 y) e~^ kz 

h. E(z) = (3e~ jn/2 x + 4e JTT/4 y) e +jkz 

Solution: Restoring the factor and taking real-parts, we find the x,y electric field compo- 
nents, according to Eq. (2.5.2): 



a. E x (z,t) = 3 cos (cot - kz - tt/2), 

b. E x (z,t)= 3 cos (cot + kz), 

c. E x (z,t) = 4 cos (cot - kz + tt), 

d. E x (z, f) = 3cos(cof + kz + tt/3), 

e. E x (z,t)= 4 cos (cot - kz), 

f. E x (z,t)= 3 cos (cot + kz - tt/8), 

g. E x (z,t)= 4 cos (cot - kz + tt/4), 

h. E x (z,t)= 3 cos (cot + kz - tt/2), 



E y (z,t)= 0 

E y (z, t) = 4 cos (c of + kz) 

E y (z, t) = 3 cos (c of - kz) 

E y (z, t) = 3 cos (c of + kz) 

E y (z, t) = 3 cos (c of - kz - tt/4) 
E y (z,t)= 4cos(cof + kz + tt/8) 
E y (z,t)= 3cos(c of - kz - tt/2) 
Ey (z, t) = 4 cos (c of + kz + tt/4) 



Since these are either forward or backward waves, the corresponding magnetic fields are 
obtained by using the formula J~C(z,t)= ±z xE(z,t) /rj. This gives the x, y components: 

(cases a, c, e, g): XC x (z,t)= ~^E y (z,t ) , XC y (z,t)= i E x (z,t ) 

(cases b, d, f, h): XC x (z,t)= -E y (z,t), XC y (z,t)= -—E x (z,t) 

n n 

To determine the polarization vectors, we evaluate the electric fields at z = 0: 



a. 


E x (t)= 3 cos(cof - tt/2), 


o 

II 


b. 


E x (t)= 3cos(c of), 


E y (t)= 4cos(c of) 


c. 


E x (t)= 4cos(cof + tt), 


E y (t)= 3 cos (cot) 


d. 


E x (t)= 3 cos (cot + tt/3), 


E y (t)= 3 cos (cot) 


e. 


E x (t)= 4cos(cof), 


E y (t)= 3 cos (cot - tt/4) 


f. 


E x (t)= 3 cos (cot - tt/8), 


E y (f ) — 4 cos (cot + tt/8) 


g- 


E x (t)= 4 cos (cot + tt/4), 


E y (t)= 3 cos (cot - tt/2) 


h. 


E x (t) = 3 cos (cot - tt/2), 


'Ey (f ) — 4 cos (cot + tt/4) 



The polarization ellipse parameters A, B, and = <p a - <$>b, as well as the computed 
semi-major axes A',B', tilt angle 0, sense of rotation of the electric field, and polarization 
type are given below: 
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case 


A 


B 


4> 


A' 


B' 


0 


rotation 


polarization 


a. 


3 


0 


-90° 


3 


0 


0° 


- 


linear/forward 


b. 


3 


4 


0° 


0 


5 


-36.87° 


/ 


linear/backward 


c. 


4 


3 


180° 


5 


0 


-36.87° 


\ 


linear/forward 


d. 


3 


3 


60° 


3.674 


2.121 


45° 


O 


left/backward 


e. 


4 


3 


45° 


4.656 


1.822 


33.79° 


o 


right/forward 


f. 


3 


4 


o 

lo 

1 


1.822 


4.656 


-33.79° 


o 


right/backward 


g- 


4 


3 


135° 


4.656 


1.822 


-33.79° 


o 


right/forward 


h. 


3 


4 


o 

LO 

m 

1 


1.822 


4.656 


33.79° 


o 


right/backward 



In the linear case (b), the polarization ellipse collapses along its A' -axis (. A ' = 0) and 
becomes a straight line along its B' - axis. The tilt angle 0 still measures the angle of the A'- 
axis from the x-axis. The actual direction of the electric field will be 90° - 36.87° = 53.13°, 
which is equal to the slope angle, atan (B/ A) = atan(4/3) = 53.13°. 

In case (c), the ellipse collapses along its B' -axis. Therefore, 0 coincides with the angle of 
the slope of the electric field vector, that is, atan (-B/A) = atan(-3/4) = -36.87°. □ 

With the understanding that 0 always represents the slope of the A '-axis (whether 
collapsed or not, major or minor), Eqs. (2.5.5) and (2.5.6) correctly calculate all the special 
cases, except when A = B, which has tilt angle and semi-axes: 

0 = 45° , A' = A^Jl + cos </> , B' = Ayjl - cos </> (2.S.9) 

The MATLAB function el 1 i pse . m calculates the ellipse semi-axes and tilt angle, A', 
B' , 0, given the parameters A, B, <fi. It has usage: 

[a,b,th] = ellipse(A,B,phi) % polarization ellipse parameters 

For example, the function will return the values of the A' ,B',0 columns of the pre- 
vious example, if it is called with the inputs: 

A = [3, 3, 4, 3, 4, 3, 4, 3] ’ ; 

B = [0, 4, 3, 3, 3, 4, 3, 4] ’ ; 

phi = [-90, 0, 180, 60, 45, -45, 135, -135]’; 



To determine quickly the sense of rotation around the polarization ellipse, we use 
the rule that the rotation will be counterclockwise if the phase difference <p = <fi a ~ 4>b 
is such that sin > 0, and clockwise, if sin <f> < 0. This can be seen by considering the 
electric field at time f = 0 and at a neighboring time f. Using Eq. (2.5.3), we have: 



X (0) = X A COS <pa + y B COS <pb 



£(0 ^£(0) £(0) 



X(t) = xA C0S(C0f + (j) a ) +yB COS(COf + 4>b) 



-^^X(t) 



The sense of rotation may be determined from the cross-product X(0)xX(t). If 
the rotation is counterclockwise, this vector will point towards the positive z-direction, 
and otherwise, it will point towards the negative z-direction. It follows easily that: 
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X (0) x X (f) = z AB sin (ft sin cot (2.5.10) 

Thus, for f small and positive (such that sincof > 0), the direction of the vector 
X(0)xX(t) is determined by the sign of sin <fi. 

2.6 Uniform Plane Waves in Lossy Media 

We saw in Sec. 1.9 that power losses may arise because of conduction and/or material 
polarization. A wave propagating in a lossy medium will set up a conduction current 
Jcond = crE and a displacement (polarization) current Jdisp = JcoD = j(joe d E. Both 
currents will cause ohmic losses. The total current is the sum: 

Jtot = Jcond 3“ Jdisp = (O" + j(V£ d ) E = 

where e c is the effective complex dielectric constant introduced in Eq. (1.9.22): 

jcve c = a + jcve d => e c = e d -j — (2.6.1) 

(JO 

The quantities cr, e d maybe complex-valued and frequency-dependent. However, we 
will assume that over the desired frequency band of interest, the conductivity cr is real- 
valued; the permittivity of the dielectric may be assumed to be complex, e d = e' d -J£ d . 
Thus, the effective e c has real and imaginary parts: 



e c = e -je =e d - 






( 2 . 6 . 2 ) 



Power losses arise from the non-zero imaginary part e". We recall from Eq. (1.9.25) 
that the time-averaged ohmic power losses per unit volume are given by: 



^ = \ Re [Jtot ■ E* ] = I eve" | E | 2 = | (cr + cve'J ) | E \ 2 (2.6.3) 

Uniform plane waves propagating in such lossy medium will satisfy Maxwell’s equa- 
tions (1.8.2), with the right-hand side of Ampere’s law given by J tot = J+ jcoD = juoe c E. 

The assumption of uniformity (d x = d y = 0), will imply again that the fields E, H are 
transverse to the direction z. Then, Faraday’s and Ampere’s equations become: 



V X E = jcvfiH z X d z E = —jcv/jH 



(2.6.4) 



VxE = jooe c E z x d z H = j(joe c E 

These may be written in a more convenient form by introducing the complex wavenum- 
ber k c and complex characteristic impedance r/ c defined by: 



k c 



(V^flGc , 




(2.6.5) 



They correspond to the usual definitions k = uo/c = co^f/Je and r/ = yfiUe with 
the replacement e -*► c c . Noting that cjo/j = k c ri c and uoe c = k c /r] c , Eqs. (2.6.4) may 
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be written in the following form (using the orthogonality property z ■ E = 0 and the 
BAC-CAB rule on the first equation): 



dz r/cHx z 



o -jkc 

-jk c 0 



g c H x z 



To decouple them, we introduce the forward and backward electric fields: 



(E + g c H x z) 



(E- g c H x z) 



Then, Eqs. (2.6.6) may be replaced by the equivalent system: 



with solutions: 



_a_ e+ 

dz [ E- 
E± (z) = £o±6 4 



-jk c 0 
0 jk c 



where z ■ Eq+ = 0 



Thus, the propagating electric and magnetic fields are linear combinations of forward 
and backward components: 



E(z) = E 0+ e~ J kcZ + E 0 -e JkcZ 



: x [Eo+e~ JkcZ - E 0 .e ik ‘ z ] 



( 2 . 6 . 10 ) 



In particular, for a forward-moving wave we have: 

£(z) = E 0 e~ JkcZ , H(z) = H 0 e~ JkcZ , with z ■ E 0 = 0 , H 0 = —ixE 0 (2.6.11) 

Be 

Eqs. (2.6.10) are the same as in the lossless case but with the replacements k — k c 
and g — g c . The lossless case is obtained in the limit of a purely real-valued e c . 

Because k c is complex-valued, we define the phase and attenuation constants and 
a as the real and imaginary parts of k c , that is, 



k c = P -ja = cv^jpie' -je") 



( 2 . 6 . 12 ) 



We may also define a complex refractive index n c = k c /ko that measures k c relative 
to its free-space value ko = co/co = oo^pdco. For a non-magnetic medium, we have: 



e -je 
eo 



(2.6.13) 



where n, k are the real and imaginary parts of n c . The quantity k is called the extinction 
coefficient and n is still called the refractive index. Another commonly used notation is 
the propagation constant y defined by: 



y =jk c = oc +jfi 



(2.6.14) 
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It follows from y = a +jfi = jk c = jk 0 n c = jk 0 (n -jK) that = k 0 n and a = 
koK. The nomenclature about phase and attenuation constants has its origins in the 
propagation factor e^ kcZ . We can write it in the alternative forms: 



-jk c z _ e -yz = e -az e -jpz _ e ~k 0 Kz e ~jk 0 nz 



(2.6.15) 



Thus, the wave amplitudes attenuate exponentially with the factor e~ az , and oscillate 
with the phase factor e~^ z . The energy of the wave attenuates by the factor e~ 2(XZ , as 
can be seen by computing the Poynting vector. Because e~ jkcZ is no longer a pure phase 
factor and g c is not real, we have for the forward-moving wave of Eq. (2.6.11): 

T(z) = - Ref E(z) xH* (z) ] = - Re Eo x (zxf 0 *)r (a+j ^ z r (a “^ z 

2 2 |_ Pc 

= z ^Re(r/“ 1 ) \Eo\ 2 e~ 2az = zT( 0)e~ 2az = z T(z) 

Thus, the power per unit area flowing past the point z in the forward z-direction will be: 



\T(z)= T( Q)e~ 



(2.6.16) 



The quantity T (0) is the power per unit area flowing past the point z = 0. Denoting 
the real and imaginary parts of rj c by g ' , g", so that, g c = g' + jg", and noting that 
\E 0 \ = \g c H 0 X z| = \g c \\H 0 |, we may express T (0) in the equivalent forms: 



p(0)= ^Re(/7c _1 ) l-Eol 2 = \n'\H 0 \ 2 



(2.6.17) 



The attenuation coefficient a is measured in nepers per meter. However, a more 
practical way of expressing the power attenuation is in dB per meter. Taking logs of 
Eq. (2.6.16), we have for the dB attenuation at z, relative to z = 0: 

A ab (z)= — lOlogjo =201og 10 (e)«z = 8.686 <xz (2.6.18) 

where we used the numerical value 201og 10 e = 8.686. Thus, the quantity cXdB = 8.686 a 
is the attenuation in dB per meter: 



£XdB = 8.686 a (dB/m) 



(2.6.19) 



Another way of expressing the power attenuation is by means of the so-called pen- 
etration or skin depth defined as the inverse of a: 



(skin depth) 



( 2 . 6 . 20 ) 



Then, Eq. (2.6.18) can be rewritten in the form: 



7^-dB (z) = 8.686 



(attenuation in dB) 



(2.6.21) 
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This gives rise to the so-called “9-dB per delta” rule, that is, every time z is increased 
by a distance 5, the attenuation increases by 8.686 - 9 dB. 

A useful way to represent Eq. (2.6.16) in practice is to consider its inhnitesimal ver- 
sion obtained by differentiating it with respect to z and solving for a : 

T ' (7) 

T ' (z) = -2aT (0)e~ 2<xz = 2aT{z) => a = ~2T(zj 

The quantity T [ oss = -T ' represents the power lost from the wave per unit length 
(in the propagation direction.) Thus, the attenuation coefficient is the ratio of the power 
loss per unit length to twice the power transmitted: 



a = 



P' 

loss 

2-P transr 



(attenuation coefficient) 



( 2 . 6 . 22 ) 



If there are several physical mechanisms for the power loss, then a becomes the 
sum over all possible cases. For example, in a waveguide or a coaxial cable filled with a 
slightly lossy dielectric, power will be lost because of the small conduction/polarization 
currents set up within the dielectric and also because of the ohmic losses in the walls 
of the guiding conductors, so that the total a will be a = tXdiei + a wails- 

Next, we verify that the exponential loss of power from the propagating wave is due 
to ohmic heat losses. In Fig. 2.6.1, we consider a volume dV = IdA of area dA and 
length / along the z-direction. 





Fig. 2.6.1 Power flow in lossy dielectric. 



From the definition of T (z) as power flow per unit area, it follows that the power 
entering the area dA at z = 0 will be dP\ n = T (0 )dA, and the power leaving that area 
at z = /, dP om = T ( l)dA . The difference dP\ 0S s = dP{ n - dP 0 ut = [T (0 ) -T (/) ]dA will 
be the power lost from the wave within the volume l dA. Because T(l)= T (0) e~ 2al , we 
have for the power loss per unit area: 



dP\oss 

dA 



T (0) -T (l) = T (0) (1 - e~ 2aI ) 



^Mlc 1 ) \E 0 \ 2 (1 - e- 2aI ) 



(2.6.23) 
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On the other hand, according to Eq. (2.6.3), the ohmic power loss per unit volume 
will be uoe"\E{z) | 2 / 2. Integrating this quantity from z = 0 to z = / will give the total 
ohmic losses within the volume l dA of Fig. 2.6.1. Thus, we have: 



dPg hm\ c — 



1-1: 



r l 1 

\E(z)\ 2 dzdA = -coe" 


f \E 0 \ 2 e~ 2az dz 


Jo 2 





dA , 



dP ohmic 

dA 



coe" 

4a 



IE 0 l 2 (l-e- 2al ) 



(2.6.24) 



Are the two expressions in Eqs. (2.6.23) and (2.6.24) equal? The answer is yes, as 
follows from the relationship among the quantities p c , e " , a (see Problem 2.12): 



ReiUc 1 ) 



we" 

2a 



(2.6.25) 



Thus, the power lost from the wave is entirely accounted for by the ohmic losses 
within the propagation medium. The equality of (2.6.23) and (2.6.24) is an example of 
the more general relationship proved in Problem 1.5. 

In the limit / — 00 , we have T (/) — 0, so that dP n hm\ c/dA = T( 0) , which states that 
all the power that enters at z = 0 will be dissipated into heat inside the semi-infinite 
medium. Using Eq. (2.6.17), we summarize this case: 



^^ = tRe(^- 1 )|£ol 2 = ^'IH 0 | 2 



(ohmic losses) 



(2.6.26) 



This result will be used later on to calculate ohmic losses of waves incident on lossy 
dielectric or conductor surfaces, as well as conductor losses in waveguide and transmis- 
sion line problems. 



Example 2.6.1: The absorption coefficient a of water reaches a minimum over the visible 
spectrum— a fact undoubtedly responsible for why the visible spectrum is visible. 

Recent measurements [116] of the absorption coefficient show that it starts at about 0.01 
nepers/m at 380 nm (violet), decreases to a minimum value of 0.0044 nepers/m at 418 
nm (blue), and then increases steadily reaching the value of 0.5 nepers/m at 600 nm (red). 
Determine the penetration depth 5 in meters, for each of the three wavelengths. 

Determine the depth in meters at which the light intensity has decreased to 1/1 0th its 
value at the surface of the water. Repeat, if the intensity is decreased to l/100th its value. 

Solution: The penetration depths 5 = 1/ a are: 



6 = 100, 227.3, 2 m for a = 0.01, 0.0044, 0.5 nepers/m 

Using Eq. (2.6.21), we may solve for the depth z = (A/8.9696) <5. Since a decrease of 
the light intensity (power) by a factor of 10 is equivalent to A = 10 dB, we find z = 
(10/8.9696)5= 1.128 <5, which gives: z= 112.8, 256.3, 2.3 m. A decrease by a factor of 
100 = io 20/1 ° corresponds to A = 20 dB, effectively doubling the above depths. □ 
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Example 2.6.2: A microwave oven operating at 2.45 GHz is used to defrost a frozen food having 
complex permittivity e c = (4 - j)e 0 farad/m. Determine the strength of the electric field 
at a depth of 1 cm and express it in dB and as a percentage of its value at the surface. 
Repeat if e c = (45 - lSj)e 0 farad/m. 

Solution: The free-space wavenumber is k 0 = co^/jdoCo = 2 tt/7co = 2tt(2.45x10 9 )/(3x 10 8 ) = 
51.31 rad/m. Using k c = co^/poQ = ko^/e c /eo, we calculate the wavenumbers: 

k c = P -jot = 51.31 V4 ~j = 51.31(2.02 - 0.25 j)= 103.41 - 12.73/ m" 1 
k c = P -jot = 51.31 V45 - 15 / = 51.31(6.80- 1.10/)= 348.84 - 56.61/ m" 1 

The corresponding attenuation constants and penetration depths are: 

ot = 12.73 nepers/m, 5 = 7.86 cm 

ot = 56.61 nepers/m, 5 = 1.77 cm 

It follows that the attenuations at 1 cm will be in dB and in absolute units: 

A = 8.686 z/ 5 = 1.1 dB, 10- A/2 ° = 0.88 

A = 8.686 z/ 5 = 4.9 dB, 10 - A/2 ° = 0.57 



Thus, the fields at a depth of 1 cm are 88% and 57% of their values at the surface. The 
complex permittivities of some foods may be found in [117]. □ 

A convenient way to characterize the degree of ohmic losses is by means of the loss 
tangent, originally defined in Eq. (1.9.28). Here, we set: 



Then, e c = e' - je" 



r = tan 0 



e" cr + t oe d 
e' cve' d 



(2.6.27) 



c'(l -jr)= e d (l -jr). Therefore, k c ,t ? c may be written as: 



k c = -jr) 1/2 , g c = ^j-^r (1 - jr) 1/2 (2.6.28) 

The quantities c d = l/^ge d and g d = sjg/e d would be the speed of light and 
characteristic impedance of an equivalent lossless dielectric with permittivity e d . 

In terms of the loss tangent, we may characterize weakly lossy media versus strongly 
lossy ones by the conditions t « 1 versus t » 1, respectively. These conditions depend 
on the operating frequency co : 



cr + cve'J 

r^- <£ 1 



versus 



cr + coe'j 

r~4- » 1 



The expressions (2.6.28) may be simplified considerably in these two limits. Using 
the small-x Taylor series expansion (1 + x) 1/2 ^ 1 + x/2, we find in the weakly lossy case 
(1 -jr) 1/2 ^ 1 - jr 12, and similarly, (1 -jt)~ 1/2 ^ 1 + jt/2. 

On the other hand, if t » 1, we may approximate (1-jt) 1/2 ^ (—j t) 1/2 = e“ /7T/4 T 1/2 , 
where we wrote (-j) 1/2 = (e~J TT/2 ) 1/2 = e _J7T/4 . Similarly, (1 -jr)~ 1/2 ^ e J7T/4 T _1/2 . 
Thus, we summarize the two limits: 
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(l-JT ) 1 



( 1 — Jt ) 






-4' 



e jn/4 T 1/2 = (1 + j) / — , if r » 1 



if t « 1 



e J7T/4 t 1/2 = (1 -j)y- , if t » 1 



if t « 1 



(2.6.29) 



(2.6.30) 



2.7 Propagation in Weakly Lossy Dielectrics 

In the weakly lossy case, the propagation parameters k c , r\ c become: 

t I — r( t \ / — t( <j + ooe' d 

kc = P -J<x = cope d 1 1 - j— ) = 1 -j 



Thus, the phase and attenuation constants are: 



AM i , i a + w£ d 
^ \ 2co^ 



P = 



\ \^r{(T + tue d )= \rj d (a + cve d ) 



For a slightly conducting dielectric with e d = 0 and a small conductivity cr , Eq. (2.7.2) 
implies that the attenuation coefficient a is frequency-independent in this limit. 

Example 2.7.1: Seawater has cr = 4 Siemens/m and e d = 81c 0 (so that e' d = 81e 0 , e d = 0.) 
Then, n d = Vq/^o = 9, and c d = Co/n d = 0.33 x 10 8 m/sec and g d = r/o ln d = 377/9 
4 1 .89 Q. The attenuation coefficient (2.7.2) will be: 

ot = ^ g d cr = ^41.89 x 4 = 83.78 nepers/m => (XdB = 8.686 ot = 728 dB/m 

The corresponding skin depth is 5 = H ot = 1.19 cm. This result assumes that cr <<c c oe d , 
which can be written in the form co » cr/e d , or f » fo, where fo = O' I (2ne d ). Here, we 
have fo = 888 MHz. For frequencies f ^ fo, we must use the exact equations (2.6.28). For 
example, we find: 



f = l kHz, ot dB = 1.09 dB/m, 5 = 7 . 96 m 

f = 1 MHz, ot dB = 34.49 dB/m, 5 = 25.18 cm 

f = 1 GHz, ot dB = 672.69 dB/m, 5 = 1.29 cm 



Such extremely large attenuations explain why communication with submarines is impos- 
sible at high RF frequencies. □ 
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2.8 Propagation in Good Conductors 



A conductor is characterized by a large value of its conductivity cr, while its dielectric 
constant may be assumed to be real-valued Cd = c (typically equal to eo-) Thus, its 
complex permittivity and loss tangent will be: 



. cr 

e c = e-J — 
co 




cr 



( 2 . 8 . 1 ) 



A good conductor corresponds to the limit t » 1, or , <7 » coe. Using the approxi- 
mations of Eqs. (2.6.29) and (2.6.30), we find for the propagation parameters k c , Pc'- 



k c = P -ja = w /jje^ (1 -j)=^]^Y^ (1 -j) 

1c = n' +jn " = (1 + j)= VW (1 + j) 



( 2 . 8 . 2 ) 



Thus, the parameters j 6, a, 5 are: 



P = « = = 'JrrflJc 



5= - = — = = — 

a Y co/ua ^nfiua 



(2.8.3) 



where we replaced co = 2nf. The complex characteristic impedance p c can be written 
in the form rj c = R s (1 + j), where R s is called the surface resistance and is given by the 
equivalent forms (where p = ^p!e)\ 




(2.8.4) 



Example 2.8.1: For copper we have cr = 5.8 x 10 7 Siemens/m. The skin depth at frequency f 
is: 



<5 = 



sjnfpa V tt ■ 4tt ■ 10~ 7 ■ 5.8 ■ 10 7 



f' 1/2 = 0.0661 f~ 



( f in Hz) 



We find at frequencies of 1 kHz, 1 MHz, and 1 GHz: 



f = 1 kHz, 
f = 1 MHz, 
f = 1 GHz, 



5 = 2.09 mm 
5 = 0.07 mm 
5 = 2.09 pm 



Thus, the skin depth is extremely small for good conductors at RF. □ 

Because <5 is so small, the fields will attenuate rapidly within the conductor, de- 
pending on distance like e~ yz = e^ az e~^ z = e^ z/5 e~^ z . The factor e~ z/ 6 effectively 
confines the fields to within a distance 5 from the surface of the conductor. 

This allows us to define equivalent “surface” quantities, such as surface current and 
surface impedance. With reference to Fig. 2.6.1, we define the surface current density by 
integrating the density J(z ) = crE{z) = aEoe~ yz over the top-side of the volume IdA , 
and taking the limit / — oo : 
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r OO r OO 

J s = J(z)dz = aE 0 e~ yz dz 

Jo Jo 



— E 0 , or, 

y 



Js = 




(2.8.5) 



where we defined the surface impedance Z s = y I cr. In the good-conductor limit, Z s is 
equal to r/ c . Indeed, it follows from Eqs. (2.8.3) and (2.8.4) that: 



Z 5 = 



y 

cr 



« ±jp 

cr 



^(1 +j)=R s ( 1 +j)= He 



Because Ho x z = Eo/rf c , it follows that the surface current will be related to the 
magnetic held intensity at the surface of the conductor by: 



J s = H 0 X z = n X H 0 (2.8.6) 

where n = -z is the outward normal to the conductor. The meaning of J s is that it 
represents the current bowing in the direction of Eo per unit length measured along the 
perpendicular direction to Eo, that is, the Ho-direction. It has units of A/m. 

The total amount of ohmic losses per unit surface area of the conductor may be 
calculated from Eq. (2.6.26), which reads in this case: 



= ^ s |Hol 2 = \Rs\Js \ 2 



(ohmic loss per unit conductor area) 



(2.8.7) 



2.9 Propagation in Oblique Directions 

So far we considered waves propagating towards the z-direction. For single-frequency 
uniform plane waves propagating in some arbitrary direction in a lossless medium, the 
propagation factor is obtained by the substitution: 

e -jkz _> e~ jk r 

where k = kk, with k = co^/JIe = co/c and k is a unit vector in the direction of propa- 
gation. The fields take the form: 

E(r,t)= E 0 e jwt ~ jk - r 

H(r,t)= H 0 e iwt - JkT 

where Eo, Ho are constant vectors transverse to k, that is, k ■ Eo = k ■ Ho = 0, such that: 

Ho = — k x Eo = - k x E 0 (2.9.2) 

o)jU ri 

where p = sfpTe. Thus, {£, H, k} form a right-handed orthogonal system. 

The solutions (2.9.1) can be derived from Maxwell’s equations in a straightforward 
fashion. When the gradient operator acts on the above fields, it can be simplified into 
V -+ -jk. This follows from: 
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V (e~ jk ' r ) = - jk(e ~ jkr ) 

After canceling the common factor e ja)f_j k r , Maxwell’s equations (2.1.1) take the form: 

-jk x £ 0 = -jcviuHo kxE 0 = coyui^o 

-/k x Ho = jooeEo kx Ho = -ooeEo 

=> (2.9.3) 

k- Eo = 0 k- Eo = 0 

k - Ho = 0 k - H 0 = 0 

The last two imply that Eo, Ho are transverse to k. The other two can be decoupled 
by taking the cross product of the first equation with k and using the second equation: 

kx (kx E 0 )= coij kx Ho = -co 2 iJe Eo (2.9.4) 

The left-hand side can be simplified using the BAC-CAB rule and k ■ Eo = 0, that is, 
kx (kx Eo) = k(k ■ Eo) -Eo (k ■ k) = - (k ■ k)£o- Thus, Eq. (2.9.4) becomes: 

-(kk)E 0 = -oo 2 iueEo 

Thus, we obtain the consistency condition: 



k ■ k = a) 2 pc 



(2.9.5) 



Defining k = Vk ■ k = | k |, we have k = co^/JIe. Using the relationship cog = kg and 
dehning the unit vector k = k/|k| = k/k, the magnetic held is obtained from: 



H 0 = 



kx Eo 

CVjJ 



kx Eo 
kn 



-kxf 0 

n 



The constant-phase (and constant-amplitude) wavefronts are the planes k ■ r = 
constant, or, k ■ r = constant. They are the planes perpendicular to the propagation 
direction k. 

As an example, consider a rotated coordinate system {x' ,y' ,z'} in which the z'x' 
axes are rotated by angle 0 relative to the original zx axes, as shown in Fig. 2.9.1. Thus, 
the new coordinates and corresponding unit vectors will be: 



z' = z cos 0 + x sin 0 , z = z cos 0 + x sin 0 

x' = xcos 0 - zsm0, x = xcos 0 - zsin6> (2.9.6) 

V = y> y = y 

We choose the propagation direction to be the new z-axis, that is, k = z , so that the 
wave vector k = k k = k z will have components k x = k cos 0 and k x = k sin 0 : 



k = k k = k (z cos 0 + x sin 0 ) = z k z + x k x 



The propagation phase factor becomes: 
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and TE waves. 



e ~jk r _ e ~j(k z z+k x x) _ e ~jk (z cos 0+x sin 0) _ e ~jkz' 



Because {Eo,Ho, k} form a right-handed vector system, the electric held may have 
components along the new transverse (with respect to z') axes, that is, along x' and y. 
Thus, we may resolve Eo into the orthogonal directions: 



Eq = x A + y B = (xcos 0 - zsin0)A + y B (2.9.7) 



The corresponding magnetic held will be Ho = kxEo/r] = z x (x A + yB) I r\. Using 
the relationships z x x = y and z xy = -x , we hnd: 



Ho = ^ [yA - x'B] = jj [y A - (xcos 0 - z sin 0)B] (2.9.8) 

The complete expressions for the helds are then: 

E(r,t) = [(xcos0 -zsm0)A+yB]e jMt - jk{zcos0+xsine) 

1 ... (2-9.9) 

H(r,t) = — [yA - (xcos 0 - zsin 0)B] e i^ f -^( zcos0 + xsm0 ) 



Written with respect to the rotated coordinate system {x',y',z'}, the solutions be- 
come identical to those of Sec. 2.2: 



E(r,t) = [x'A + y'B]e^ wt jkz ' 

H(r,t) = —[y'A-xB]e j(Vt ~ jkz ' 

n 



(2.9.10) 



They are uniform in the sense that they do not depend on the new transverse coor- 
dinates x',y'. The constant-phase planes are z' = z ■ r = z cos 0 + xsin6> = const. 

The polarization properties of the wave depend on the relative phases and ampli- 
tudes of the complex constants A, B, with the polarization ellipse lying on the x'y' plane. 

The A- and ^-components of Eo are referred to as transverse magnetic (TM) and 
transverse electric (TE), respectively, where “transverse” is meant here with respect to 
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the z-axis. The TE case has an electric held transverse to z; the TM case has a magnetic 
held transverse to z. Fig. 2.9.1 depicts these two cases separately. 

This nomenclature arises in the context of plane waves incident obliquely on inter- 
faces, where the xz plane is the plane of incidence and the interface is the xy plane. The 
TE and TM cases are also referred to as having “perpendicular” and “parallel” polariza- 
tion vectors with respect to the plane of incidence, that is, the T-held is perpendicular 
or parallel to the xz plane. 

We may dehne the concept of transverse impedance as the ratio of the transverse 
(with respect to z) components of the electric and magnetic helds. In particular, by 
analogy with the dehnitions of Sec. 2.4, we have: 



E x A cos 0 

1tm= TT = — i = ri cos 0 

Hy L a 

n 



Bte 



Ey_ _ B 

Hx -B cos e 

n 



0 

cos 0 



(2.9.11) 



Such transverse impedances play an important role in describing the transfer matri- 
ces of dielectric slabs at oblique incidence. We discuss them further in Chap. 6. 



2.10 Complex or Inhomogeneous Waves 

The steps leading to the wave solution (2.9.1) do not preclude a complex-valued wavevec- 
tor k. For example, if the medium is lossy, we must replace {17 ,k} by {0 c ,k c }, where 
k c = P - ja, resulting from a complex effective permittivity e c . If the propagation 
direction is defined by the unit vector k, chosen to be a rotated version of z, then the 
wavevector will be defined by k = k c k = (fi-jot) k. Because k c = oo^pe c and k-k = 1, 
the vector k satisfies the consistency condition (2.9.5): 

k- k = k 2 c = co 2 pe c (2.10.1) 

The propagation factor will be: 

e ~jk r _ e ~jk c k r _ e ~ (a+jfl) k-r _ g-akrg-jjSkr 

The wave is still a uniform plane wave in the sense that the constant-amplitude 
planes, txk ■ r = const., and the constant-phase planes, pk ■ r = const., coincide with 
each other— being the planes perpendicular to the propagation direction. For example, 
the rotated solution (2.9.10) becomes in the lossy case: 

£(r,t) = [xA+yB]e ju)t - JkcZ ' = [x A + y B]e j(Vt ~ {a+ ^ )z ' 

1 1 (2.10.2) 

H(r, f) = — [y A - x B]e jcot ~ jkcZ ' = — [y A - x B]e Jcot ~^ a+ ^ )z ' 

0c 0 c 

In this solution, the real and imaginary parts of the wavevector k = P - jot are 
collinear, that is, P = pk and a = a k. 



54 



Electromagnetic Waves & Antennas - S. J. Orfanidis - June 2 1 , 2004 



More generally, there exist solutions having a complex wavevector k = p - ja such 
that P.a are not collinear. The propagation factor becomes now: 

e~ jkr = e- {a+j fi )r = e-«- T e- J P- T (2.10.3) 

If a, P are not collinear, such a wave will not be a uniform plane wave because the 
constant-amplitude planes, a ■ r = const., and the constant-phase planes, P ■ r = const., 
will be different. The consistency condition k ■ k = k 2 = (P - ja) 2 splits into the 
following two conditions obtained by equating real and imaginary parts: 

(P-ja)-(p-ja)= (P-ja) 2 ^ ** (2.10.4) 

With E 0 chosen to satisfy k - E 0 = (p -ja) -Eo = 0, the magnetic held is computed from 
Eq. (2.9.2), Ho = kx E 0 /(jop = (p - ja) xEo/cop. 

Fet us look at an explicit construction. We choose p, a to lie on the xz plane of 
Fig. 2.9.1, and resolve them as p = z p z + z p x and a = z a z + z a x . Thus, 

k = P -ja = z (P z - ja z ) + x(P x -ja x )= z k z + xk x 
Then, the propagation factor (2.10.3) and conditions (2.10.4) read explicitly: 

e ~jk -r _ e -(a z z+oc x x) e -j(PzZ+p x x) 

P 2 + P 2 - a 2 - a 2 = p 2 - a 2 (2.10.5) 

PzOLz + PxOLx = Pot 

Because k is orthogonal to both y and y x k, we construct the electric held E 0 as the 
following linear combination of TM and TE terms: 

Eo = (y xk)A + yB , where k = ^ ^ (2.10.6) 

k c P-ja 

This satishes k ■ Eo = 0. Then, the magnetic held becomes: 

kx£o = J^[ ~ ] (2.10.7) 

(Oj U Y] c 

The vector k is complex-valued and satishes k ■ k = 1. These expressions reduce to 
Eq. (2.10.2), if k = z . 

Waves with a complex k are known as complex waves, or inhomogeneous waves. In 
applications, they always appear in connection with some interface between two media. 
The interface serves either as a rehecting/transmitting surface, or as a guiding surface. 

For example, when plane waves are incident obliquely from a lossless dielectric onto 
a planar interface with a lossy medium, the waves transmitted into the lossy medium 
are of such complex type. Taking the interface to be the xy-plane and the lossy medium 
to be the region z > 0, it turns out that the transmitted waves are characterized by 
attenuation only in the z-direction. Therefore, Eqs. (2.10.5) apply with a z > 0 and 
a x = 0. The parameter p x is fixed by Snell’s law, so that Eqs. (2.10.5) provide a system 
of two equations in the two unknowns p z and a z . We discuss this further in Chap. 6. 
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Wave solutions with complex k = - jot are possible even when the propagation 

medium is lossless so that e c = e is real, and = c o^/JJe and a = 0. Then, Eqs. (2.10.4) 
become & ■ - a ■ ot = fi 2 and fi • a = 0. Thus, the constant-amplitude and constant- 

phase planes are orthogonal to each other. 

Examples of such waves are the evanescent waves in total internal reflection, various 
guided-wave problems, such as surface waves, leaky waves, and traveling-wave antennas. 
The most famous of these is the Zenneck wave, which is a surface wave propagating 
along a lossy ground, decaying exponentially with distance above and along the ground. 

For a classification of various types of complex waves and a review of several ap- 
plications, including the Zenneck wave, see Refs. [476-483]. We will encounter some of 
these later on. 

The table below illustrates the vectorial directions and relative signs of some possible 
types, assuming that a, f$ lie on the xz plane with the yz plane being the interface plane. 



a 


p 


OLz 


«x 


Pz 


Pz 


complex wave type 


0 


\ 


0 


0 


+ 


- 


oblique incidence 


t 


- 


0 


+ 


+ 


0 


evanescent surface wave 


z 


\ 


+ 


+ 


+ 


- 


Zenneck surface wave 


\ 


z 


- 


+ 


+ 


+ 


leaky wave 




2.11 Doppler Effect 

The Doppler effect is the frequency shift perceived by an observer whenever the source 
of the waves and the observer are in relative motion. 

Besides the familiar Doppler effect for sound waves, such as the increase in pitch 
of the sound of an approaching car, ambulance, or train, the Doppler effect has several 
other applications, such as Doppler radar for aircraft tracking, the weather, ground 
imaging, and police radar; several medical ultrasound applications, such as monitoring 
blood flow or imaging internal organs; and astrophysical applications, such as measuring 
the red shift of light emitted by receding galaxies. 

In the classical treatment of the Doppler effect, one assumes that the waves prop- 
agate in some medium (e.g., sound waves in air). If c is the wave propagation speed in 
the medium, the classical expression for the Doppler effect is given by: 



* r C-Vt 


VT 


VZ 1 




s Va 


Vb 



where f a and ft are the frequencies measured in the rest frames of the source S a and 
observer St, and v a and vt are the velocities of S a and St with respect to the propagation 
medium and projected along their line of sight. 

The algebraic sign of v a is positive if S a is moving toward St from the left, and the 
sign of vt is positive if St is moving away from S a . Thus, there is a frequency increase 
whenever the source and the observer are approaching each other ( v a > 0 or vt < 0), 
and a frequency decrease if they are receding from each other ( v a < 0 or vt > 0). 
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Fig. 2.11.1 Classical Doppler effect. 



Eq. (2.11.1) can be derived by considering the two cases of a moving source and a sta- 
tionary observer, or a stationary source and a moving observer, as shown in Fig. 2.11.1. 

In the first case, the spacing of the successive crests of the wave (the wavelength) is 
decreased in front of the source because during the time interval between crests, that 
is, during one period T a = 1 !f a , the source has moved by a distance v a T a bringing two 
successive crests closer together by that amount. Thus, the wavelength perceived by 
the observer will be A^ = A a -v a T a = (c - v a ) tf a , which gives: 



fb 



c 

A t 



fa 



C 



C-V a 



(moving source) 



( 2 . 11 . 2 ) 



In the second case, because the source is stationary, the wavelength \ a will not 
change, but now the effective speed of the wave in the rest frame of the observer is 
(c -vt). Therefore, the frequency perceived by the observer will be: 



fb 



c-v b f C-Vt 
K ~ ta c 



(moving observer) 



(2.11.3) 



The combination of these two cases leads to Eq. (2.11.1). We have assumed in 
Eqs. (2.1 l.l)-(2. 11.3) that v a , vt are less than c so that supersonic effects are not consid- 
ered. A counter-intuitive aspect of the classical Doppler formula (2.11.1) is that it does 
not depend on the relative velocity (v& - v a ) of the observer and source. Therefore, 
it makes a difference whether the source or the observer is moving. Indeed, when the 
observer is moving with vt = v away from a stationary source, or when the source is 
moving with v a = -v away from a stationary observer, then Eq. (2.11.1) gives: 

fb =fa( 1 - V/C) , f b = (2-11.4) 

These two expressions are equivalent to first-order in vie. This follows from the 
Taylor series approximation (1 +x) _1 ^ 1 -x, which is valid for |x| 1. More generally, 
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to first order in v a /c and v b /c, Eq. (2.11.1) does depend only on the relative velocity. In 
this case the Doppler shift Af = f b - f a is given approximately by: 



Af_ = Vg ~Vb 
fa C 



(2.11.5) 



For Doppler radar this doubles to Af /f a = 2 {v a - v b ) /c because the wave suffers 
two Doppler shifts, one for the transmitted and one for the reflected wave. This is 
further discussed in Sec. 4.8. 

For electromagnetic waves, ^ the correct Doppler formula depends only on the rela- 
tive velocity between observer and source and is given by the relativistic generalization 
of Eq. (2.11.1): 



fb ~ fa 



C-Vb 
C + V b 



C + Vg 
C-V a 




(relativistic Doppler effect) 



( 2 . 11 . 6 ) 



where v is the velocity of the observer relative to the source, which according to the 
Einstein addition theorem for velocities is given through the equivalent expressions: 

v= V »- Vfl 2 « v b = Va+V 2 « c-v = C-VJ, . C + V. 

1-VbVg/C 1 1 +v a v/c z C + V C + Vb C ~ V a 

Using the hrst-order Taylor series expansion (1 + x) ±1/2 = 1 ± x/2, one can show 
that Eq. (2.11.6) can be written approximately as Eq. (2.11.5). 

Next, we present a more precise discussion of the Doppler effect based on Lorentz 
transformations. Our discussion follows that of Einstein’s 1905 paper on special rela- 
tivity [123]. Fig. 2.11.2 shows a uniform plane wave propagating in vacuum as viewed 
from the vantage point of two coordinate frames: a fixed frame S and a frame S' moving 
towards the z-direction with velocity v. We assume that the wavevector k in S lies in the 
xz-plane and forms an angle 0 with the z-axis as shown. 





Fig. 2.11.2 Plane wave viewed from stationary and moving frames. 

As discussed in Appendix G, the transformation of the frequency-wavenumber four- 
vector (a o/c, k ) between the frames S and S' is given by the Lorentz transformation of 
Eq. (G.14). Because k y = 0 and the transverse components of k do not change, we will 
have k' y = k y = 0, that is, the wavevector k' will still lie in the xz-plane of the S' frame. 
The frequency and the other components of k transform as follows: 

^The question of the existence of a medium (the ether) required for the propagation of electromagnetic 
waves precipitated the development of the special relativity theory. 
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co' = y(co - fick z ) 
k' z = y{k z - ^w) 
K = kx 






v _ 1 

c’ y ~7T T W 



( 2 . 11 . 8 ) 



Setting k z = kcosO, k x = ksinO, with k = c o/c, and similarly in the S' frame, 
k' z = k' cos 0',k' x = k' sin0', with k' = co' /c, Eqs. (2.11.8) maybe rewritten in the form: 



c o' = coy (1 - p cos 0) 

co'cos0' = coy(cos0~P) (2.11.9) 

c o' sin6E = co sin# 



The first equation is the relativistic Doppler formula, relating the frequency of the 
wave as it is measured by an observer in the moving frame S' to the frequency of a 
source in the fixed frame S\ 



r 



fy (i - £cos 0)=f 



1 - jScos 0 



( 2 . 11 . 10 ) 



The last two equations in (2.11.9) relate the apparent propagation angles 0, 0' in the 
two frames. Eliminating co, co', we obtain the following equivalent expressions: 



cos 0' 



cos 0-/5 . , _ sin# 

l-jScos6> ^ Sm y(l-j8cos(9) 



tan(0'/2) 

tan(0/2) 




( 2 . 11 . 11 ) 



where to obtain the last one we used the identity tan(</>/2) = sin$/ (1 + cos 0). The 
difference in the propagation angles 0,0' is referred to as the aberration of light due 
to motion. Using Eqs. (2.11.11), the Doppler equation (2.11.10) may be written in the 
alternative forms: 



f = fy (1 - j8cos0) = 



f 



y (1 + P cos 0') 



= f 



1 - P cos 0 
1 + Pcos 0' 



( 2 . 11 . 12 ) 



If the wave is propagating in the z-direction (0 = 0°), Eq. (2.11.10) gives: 



r-fj rrf ,2 - 1U3 > 

and, if it is propagating in the x-direction (0 = 90°), we obtain the so-called transverse 
Doppler effect: f' = fy. The relativistic Doppler effect, including the transverse one, 
has been observed experimentally. 

To derive Eq. (2.11.6), we consider two reference frames S a ,S b moving along the 
z-direction with velocities v a ,v b with respect to our fixed frame S, and we assume that 
0 = 0° in the frame S. Let f a ,fb be the frequencies of the wave as measured in the 
frames S a ,S b . Then, the separate application of Eq. (2.11.13) to S a and S b gives: 



1 -Pa , j l-Pb j l-Pb 1 + Pa 

1 +Pg 9 tb Wl + Pb' tb ta ^l + Pb ' l -Pa 



fa=f- 



(2.11.14) 
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where p a = Vale and fib = Vb/c. This is equivalent to Eq. (2.11.6). The case when the 
wave is propagating in an arbitrary direction 0 is given in Problem 2.22. 

Next, we consider the transformation of the electromagnetic held components be- 
tween the two frames. The electric held has the following form in S and S': 

E = E 0 e iiwt - k ’‘ x - k * z) , E' = (2.11.15) 

As we discussed in Appendix G, the propagation phase factors remain invariant in 
the two frames, that is, cot - k x x - k z z = co't' - k' x x' - k' z z' . Assuming a TE wave and 
using Eq. (2.9.9), the electric and magnetic held amplitudes will have the following form 
in the two frames: 

Eo = E 0 y , cBo = rioEto =kxfo = Eo(-x cos 0 + z sin 0 ) 

(2.11.16) 

Eq=E' 0 y, cB'q = tiqEIq =\h X Eq = E' 0 (-xcos 0' + zsind') 

Applying the Lorentz transformation properties of Eq. (G.31) to the above held com- 
ponents, we hnd: 

E' y = y (E y + ficB x ) E' 0 = E 0 y(l - /3 cos 0) 

cB' x = y(cB x + /3E y ) => -E' 0 cos 0' = -E 0 y (cos 0 - fi) (2.11.17) 

cB' z = cB z E' 0 sin 0' = Eo sin 0 

The hrst equation gives the desired relationship between Eo and E' 0 . The last two 
equations imply the same angle relationships as Eq. (2.11.11). The same relationship 
between Eq,E' 0 holds also for a TM wave dehned by Eq = Eq (x cos 0 - z sin 0 ) . 



2.12 Problems 



2.1 A function E(z,t ) may be thought of as a function £(£,5) of the independent variables 
Z> = z - ct and g = z + ct. Show that the wave equation (2.1.6) and the forward-backward 
equations (2.1.9) become in these variables: 



d 2 E 



0 , 





Thus, E+ may depend only on £ and E- only on §. 

2.2 A source located at z = 0 generates an electromagnetic pulse of duration of T sec, given by 
E(0,t) = xEo [u(t)-u(t - T)], where u(t ) is the unit step function and Eo is a constant. 
The pulse is launched towards the positive z-direction. Determine expressions for E(z,t ) 
and H(z, t ) and sketch them versus z at any given t. 

2.3 Show that for a single-frequency wave propagating along the z-direction the corresponding 
transverse fields E(z ) , H(z ) satisfy the system of equations: 



d E _ 0 -jcop E 

dz Hxz ~ -jcoe 0 Hxz 



where the matrix equation is meant to apply individually to the x,y components of the 
vector entries. Show that the following similarity transformation diagonalizes the transition 
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matrix, and discuss its role in decoupling and solving the above system in terms of forward 
and backward waves: 



1 rj 1 0 -/cop 1 p 1 1 _ -jk 0 

1 -rj -jcoe 0 1-r/ 0 jk 



where k = co/c, c = 1/yjJe, and /] = y/jUe. 

2.4 The visible spectrum has the wavelength range 380-780 nm. What is this range in THz? In 
particular, determine the frequencies of red, orange, yellow, green, blue, and violet having 
the nominal wavelengths of 700, 610, 590, 530, 470, and 420 nm. 

2.5 What is the frequency in THz of a typical C0 2 laser (used in laser surgery) having the far 
infrared wavelength of 20 pm? 

2.6 What is the wavelength in meters or cm of a wave with the frequencies of 10 kHz, 10 MHz, 
and 10 GHz? 

What is the frequency in GHz of the 21-cm hydrogen line observed in the cosmos? 

What is the wavelength in cm of the typical microwave oven frequency of 2.45 GHz? 

2.7 Suppose you start with E(z,t)= xEoe jwt ~ jkz , but you do not yet know the relationship 
between k and co (you may assume they are both positive.) By inserting E(z, t ) into Maxwell’s 
equations, determine the k-co relationship as a consequence of these equations. Determine 
also the magnetic field H(z , t ) and verify that all of Maxwell’s equations are satisfied. 
Repeat the problem if E(z, t) = xE 0 e Jcvt+jkz and if E(z, t) = yEo^ m ^ kz . 

2.8 Determine the polarization types of the following waves, and indicate the direction, if linear, 
and the sense of rotation, if circular or elliptic: 



a. 


E = 


E 0 (x + y)e~ jkz 


e. E = Eo (x - y) e jkz 


b. 


E = 


E 0 (x - ^3 y) e~ Jkz 


£ 

i 

o 

II 

ty 


c. 


E = 


E 0 (jx + y)e~ jkz 


g. E= Eoijx-y) e jkz 


d. 


E = 


E 0 (x - 2j y)e~ jkz 


h. E = Eo (x + 2j y ) e) kz 



2.9 A uniform plane wave, propagating in the z-direction in vacuum, has the following electric 
field: 

/ E(t,z)= 2x cos(c ot - kz)+ 4y sin(cof - kz) 

a. Determine the vector phasor representing T(t,z ) in the complex form E = Eoe jlot ~ jkz . 

b. Determine the polarization of this electric field (linear, circular, elliptic, left-handed, 
right-handed?) 

c. Determine the magnetic field JE(t,z) in its real-valued form. 



2.10 Show that in order for the polarization ellipse of Eq. (2.5.4) to be equivalent to the rotated one 
of Eq. (2.5.7), one must determine the tilt angle 0 such that the following matrix condition 
is satisfied: 







1 


COS cf) 






" 1 


0 


cos 0 


sind 1 


A2 


AB 


cos d 


- sin d 1 o , 

n = sir <p 
cos d 


~X' 2 


- sind 


cos d J 


cos <j> 
l AB 


1 

B 2 _ 


sind 


0 


1 

B 72 _ 



Show that the required angle 6 is given by Eq. (2.5.5). Then, show that the following condition 
is satisfied, where t = tand: 
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_ a2r2 . 



(1 -T2)2 



A 1? sin p 



Using this property, show that the semi-axes A' ,B' are given by the equations: 



Then, transform these equations into the form of Eq. (2.5.6). Finally, show that A', B' satisfy 
the relationships: 

A' 2 +B' 2 = A 2 + B 2 , A'B ' = AB\ sirup] 

2.11 Show the cross-product equation (2.5.10). Then, prove the more general relationship: 

2? (fi) x X (t 2 ) = z AB sirup sin(co {t 2 - U) ) 

Discuss how linear polarization can be explained with the help of this result. 

2.12 Using the properties k c ri c = cop and k 2 = co 2 pe c for the complex-valued quantities k c , ri c 
of Eq. (2.6.5), show the following relationships, where e c = e' -je" and k c = (3 -ja: 

, 1X coe" B 

Re(/7 C _1 ) = ^zr = T77, 



2.13 Show that for a lossy medium the complex-valued quantities k c and r/ c may be expressed as 
follows, in terms of the loss angle 0 defined in Eq. (2.6.27): 

k c = P -ja = cv^e' d (cos ^ -jsin|] (cos0)“ 1/2 



Be = n +JB 



cos — + j sin — j (cos 0 ) 1/2 



2.14 It is desired to reheat frozen mashed potatoes and frozen cooked carrots in a microwave oven 
operating at 2.45 GHz. Determine the penetration depth and assess the effectiveness of this 
heating method. Moreover, determine the attenuation of the electric field (in dB and absolute 
units) at a depth of 1 cm from the surface of the food. The complex dielectric constants of 
the mashed potatoes and carrots are (see [117]) c c = (65 - J25)e 0 and e c = (75 - j25)c 0 . 

2.15 We wish to shield a piece of equipment from RF interference over the frequency range from 
10 kHz to 1 GHz by enclosing it in a copper enclosure. The RF interference inside the 
enclosure is required to be at least 50 dB down compared to its value outside. What is the 
minimum thickness of the copper shield in mm? 

2.16 In order to protect a piece of equipment from RF interference, we construct an enclosure 
made of aluminum foil (you may assume a reasonable value for its thickness.) The conduc- 
tivity of aluminum is 3.5X10 7 S/m. Over what frequency range can this shield protect our 
equipment assuming the same 50-dB attenuation requirement of the previous problem? 

2.17 A uniform plane wave propagating towards the positive z-direction in empty space has an 
electric field at z = 0 that is a linear superposition of two components of frequencies coi 
and CO 2 : 

E{ 0, t) = x (£ie iWlt + E 2 ej M2t ) 



Determine the fields E(z, t ) and H(z, t ) at any point z. 
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2.18 An electromagnetic wave propagating in a lossless dielectric is described by the electric and 
magnetic fields, E(z) = xE (z) and H(z) = y H(z), consisting of the forward and backward 
components: 

E(z) = E+e~ Jkz + E-e> kz 
H(z) = — (E+e~ Jkz - E-e Jkz ) 

a. Verify that these expressions satisfy all of Maxwell’s equations. 

b. Show that the time-averaged energy flux in the z-direction is independent of z and is 
given by: 

T z = t Re[£ (z)H* (z) ] = T (\ E+ \ 2 - \Ejj$) 

c. Assuming ju = jUo and c = n 2 e 0 , so that n is the refractive index of the dielectric, show 
that the fields at two different z-locations, say at z = Z\ and z = z 2 are related by the 
matrix equation: 

E(z\) _ cos kl jn -1 sinkl E(z 2 ) I 

rioH(zi) ~ jnsinkl cos kl ri 0 H(z 2 ) J 

where / = z 2 - Zi, and we multiplied the magnetic field by r/ 0 = VaW>7o in order to 
give it the same dimensions as the electric field. 

E (z) 1 

d. Fet Z (z) = — - and Y (z) = — - be the normalized wave impedance and admit- 

BoH(z) Z (z) 

tance at location z. Show the relationships at at the locations Z\ and z 2 : 

Z (z 2 )+jn~ l tank/ Y (z 2 )+jn tank/ 

Zl 1 + jnZ{z 2 ) tank/ ’ Zl 1 + jn^Y (z 2 )tank/ 

What would be these relationships if had we normalized to the medium impedance, 
that is, Z(z)= E(z)/riH(z)? 

2.19 Show that the time-averaged energy density and Poynting vector of the obliquely moving 
wave of Eq. (2.9.10) are given by 

w= iRe[ie£ ■ E* + ^ijH-H*] = i e(|A| 2 + \B\ 2 ) 

T = ^Re[£xH*]=z 2r/^ 2 + ' 1 - ^ cos 0+xsin£>) l^l 2 ) 

where z = z cos 0 + x sin 0 is the unit vector in the direction of propagation. Show that the 
energy transport velocity isv=!P/w = cz'. 

2.20 A uniform plane wave propagating in empty space has electric field: 

£(x,z,t)= yE 0 e iwt e- jk(x+z), ' n , k= — 

c 0 

a. Inserting E(x,z,t ) into Maxwell’s equations, work out an expression for the corre- 
sponding magnetic field H(x, z, t) . 

b. What is the direction of propagation and its unit vector k? 
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c. Working with Maxwell’s equations, determine the electric field E(x, z, t ) and propaga- 
tion direction k, if we started with a magnetic field given by: 

H(x,z, t)=yfloe'"e- jl( *- x),z 

2.21 A linearly polarized light wave with electric field E 0 at angle 0 with respect to the x-axis 
is incident on a polarizing filter, followed by an identical polarizer (the analyzer) whose 
primary axes are rotated by an angle cf> relative to the axes of the first polarizer, as shown 
in Fig. 2.12.1. 




Fig. 2.12.1 Polarizer-analyzer filter combination. 



Assume that the amplitude attenuations through the first polarizer are a.\, 02 with respect 
to the x- and y-directions. The polarizer transmits primarily the x-polarization, so that 
0-2 a\. The analyzer is rotated by an angle cf> so that the same gains a\, a 2 now refer to 

the x'- and y' -directions. 



a. Ignoring the phase retardance introduced by each polarizer, show that the polarization 
vectors at the input, and after the first and second polarizers, are: 

E 0 = xcos 0 + y sin# 

Ei = xai cos 0 + ya 2 sin 0 

E 2 = x (a 2 cos <fi cos 0 + a \(\2 sin cf> sin 0) +y (a\ cos <fi sin 0 - a\Ci 2 sin 0 cos 0) 

where {x',y'} are related to {x,y} as in Problem 3.7. 

b. Explain the meaning and usefulness of the matrix operations: 

and 



cos 0 
sin0 



Oi 


0 " 


cos cf> sin 


Oi 


0 " 


cos 0 1 


0 


02 _ 


- sin <p cos <p 


0 


0 2 


sin# J 


COS <f) - 

sincf) 


sin<£ 
cos (f> 


Oi 0 

0 a 2 


COS <f) 
- sincf) 


sin0 1 1 
COS <f) J | 



a i 0 
0 a 2 

c. Show that the output light intensity is proportional to the quantity: 
I = (af cos 2 0 + a .2 sin 2 #)cos 2 + a\a\ sin 2 + 
+ 2 a \02 ( a\ - a\) cos cf> sincf> cos 0 sin# 



d. If the input light were unpolarized, that is, incoherent, show that the average of the 
intensity of part (c) over all angles 0 < 0 < 2tt, will be given by the generalized Malus’s 
law: 

I = i (a\ + a|)cos 2 <fi + a\a\ sin 2 
The case a 2 = 0, represents the usual Malus’ law. 
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2.22 First, prove the equivalence of the three relationships given in Eq. (2.11.11). Then, prove the 
following identity between the angles 0,0' : 

(1 - fi cos 0) (1 + (3 cos 0')= (1 + (3 cos 0) (1 - cos 0') = 1 - j3 2 



Using this identity, prove the alternative Doppler formulas (2.11.12). 

2.23 In proving the relativistic Doppler formula (2.11.14), it was assumed that the plane wave 
was propagating in the z-direction in all three reference frames S,S a ,St . If in the frame S 
the wave is propagating along the 0 -direction shown in Fig. 2.11.2, show that the Doppler 
formula may be written in the following equivalent forms: 



r. , Yb( 1 - Pb cos0) 

fb—fa n a n\ —fay(l (3cOS0 a ) — 

Ya (1 - Pa COS0) 



fa 



y( 1 + (3cos0 b ) 



— fa 



l - (3 cos 0 a 
1 + (3 cos 0b 



where 






Vb 
C ’ 



y a = 






y = 



and v is the relative velocity of the observer and source given by Eq. (2.11.7), and 0 a , 0b 
are the propagation directions in the frames S a ,Sb . Moreover, show the following relations 
among these angles: 



a 



COS0 - f3g 
1 - (3 a cos 0 ’ 



cos 0b 



cos 0 - f3b 
1 - /3b cos 0 ’ 



cos 0b 



cos 0 a - 13 
1 - (3 cos 0 a 



cos 0 1 
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3 

Propagation in Birefringent Media 



3.1 Linear and Circular Birefringence 

In this chapter, we discuss wave propagation in anisotropic media that are linearly or cir- 
cularly birefringent In such media, uniform plane waves can be decomposed in two or- 
thogonal polarization states (linear or circular) that propagate with two different speeds. 
The two states develop a phase difference as they propagate, which alters the total po- 
larization of the wave. Such media are used in the construction of devices for generating 
different polarizations. 

Linearly birefringent materials can be used to change one polarization into another, 
such as changing linear into circular. Examples are the so-called uniaxial crystals, such 
as calcite, quartz, ice, tourmaline, and sapphire. 

Optically active or chiral media are circularly birefringent. Examples are sugar solu- 
tions, proteins, lipids, nucleic acids, amino acids, DNA, vitamins, hormones, and virtually 
most other natural substances. In such media, circularly polarized waves go through 
unchanged, with left- and right-circular polarizations propagating at different speeds. 
This difference causes linearly polarized waves to have their polarization plane rotate 
as they propagate— an effect known as natural optical rotation. 

A similar but not identical effect— the Faraday rotation— takes place in gyroelec- 
tric media, which are ordinary isotropic materials (glass, water, conductors, plasmas) 
subjected to constant external magnetic fields that break their isotropy. Gyromagnetic 
media, such as ferrites subjected to magnetic fields, also become circularly birefringent. 

We discuss all four birefringent cases (linear, chiral, gyroelectric, and gyromagnetic) 
and the type of constitutive relationships that lead to the corresponding birefringent 
behavior. We begin by casting Maxwell’s equations in different polarization bases. 

An arbitrary polarization can be expressed uniquely as a linear combination of two 
polarizations along two orthogonal directions^ For waves propagating in the z-direction, 
we may use the two linear directions {x, y } , or the two circular ones for right and left 
polarizations {e+,e_}, where e+ = x - jy and e_ = x + jy} Indeed, we have the 
following identity relating the linear and circular bases: 

+ For complex-valued vectors ei, e 2 , orthogonality is defined with conjugation: e* ■ e 2 = 0. 

^Note that e+ satisfy: ej ■ e+ = 2, ej ■ e_ = 0, e+ x e_ = 2jz, and zxe± = ±je+. 



where E± = ^(E x ±jE y ) (3.1.1) 



The circular components E+ and E- represent right and left polarizations (in the 
IEEE convention) if the wave is moving in the positive z-direction, but left and right if it 
is moving in the negative z-direction. 

Because the propagation medium is not isotropic, we need to start with the source- 
free Maxwell’s equations before we assume any particular constitutive relationships: 



E = xE x + y E y = e+ E+ + e_ E- 



VxE=-jcoB, S7xH = jcoD, V-D= 0, V ■ £ = 0 (3.1.2) 

For a uniform plane wave propagating in the z-direction, we may replace the gradient 
by V = z d z - It follows that the curls V x E = z x d z E and V x H = z x d z H will be 
transverse to the z-direction. Then, Faraday’s and Ampere’s laws imply that D z = 0 
and B z = 0, and hence both of Gauss’ laws are satisfied. Thus, we are left only with: 

z X d z E = -jcjoB 

, , J (3.1.3) 

z xd z H = jcoD 



These equations do not “see” the components E Z ,H Z . However, in all the cases that 
we consider here, the conditions D z = B z = 0 will imply also that E z = H z = 0. Thus, 
all fields are transverse, for example, E = xE x + y E y = e + £+ + e_£_. Equating x,y 
components in the two sides of Eq. (3.1.3), we find in the linear basis: 



dzE x — J co B y , d z E y — jcoB x 

dzEIy = —jcoD x , d z H x = jcoDy 



(linear basis) 



(3.1.4) 



Using the vector property z x e± = ±je+ and equating circular components, we 
obtain the circular -basis version of Eq. (3.1.3) (after canceling some factors of J): 



d z E± = +c oB± 
d z H± = ± co D i 



(circular basis) 



(3.1.5) 



3.2 Uniaxial and Biaxial Media 

In uniaxial and biaxial homogeneous anisotropic dielectrics, the D-E constitutive rela- 
tionships are given by the following diagonal forms, where in the biaxial case all diagonal 
elements of the permittivity matrix are distinct: 



D x ~ 




- £e 


0 


0 " 


~E X ~ 




~D X ~ 




~<u 


0 


0 ' 


~E X ~ 




Dy 


= 


0 


e 0 


0 


Ey 


and 


Dy 


= 


0 




0 


Ey 


(3.2.1) 


Dz 




0 


0 


e 0 _ 


E z 




D z 




0 


0 


_ 


E z 





For the uniaxial case, the x-axis is taken to be the extraordinary axis with £\ = e e , 
whereas the y and z axes are ordinary axes with permittivities e 2 = €3 = e 0 . 

The ordinary z-axis was chosen to be the propagation direction in order for the 
transverse x,y axes to correspond to two different permittivities. In this respect, the 
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uniaxial and biaxial cases are similar, and therefore, we will work with the biaxial case. 
Setting D x = £\ E x and D y = 62 E y in Eq. (3.1.4) and assuming B = po#, we have: 

dzE x = —juJiJoH y , d z E y = j(V fj()H x 

d z H y = -jcodEjc , d z H x = jcoe 2 E y 1 j 

Differentiating these once more with respect to z, we obtain the decoupled Helmholtz 
equations for the x-polarized and y-polarized components: 



d 2 z E x = -w 2 iu 0 eiE x 

, 2c 2 r 0.2.3) 

o z Ey = -w 2 Hoe 2 E y 

The forward-moving solutions are: 

E x (z)= Ae~ JklZ , k\ = coVA^oei = k 0 n i 

I (3.2.4) 

E y (z)= Be jk2Z , k 2 = o)V^o £2 = k 0 n 2 

where ko = 00 Vl/ofo = co / Co is the free-space wavenumber and we defined the refractive 
indices rii = and n 2 = ^[£ 2 ^£ 0 . Therefore, the total transverse held at z = 0 and 

at distance z = / inside the medium will be: 



£(0) = xA + y B 

(3.2.5) 

E(l) = xAe jkl1 + y Be jk21 = [xA + yf?e j(kl k2 ^ l ]e Jkl1 

The relative phase <fi = (ki - k 2 )l between the x- and y-components introduced by 
the propagation is called retardance : 



<P = (k 1 - k 2 )l = (Mi - n 2 )k 0 l = (Mi - m 2 ) ^ 

A 



(3.2.6) 



where A is the free-space wavelength. Thus, the polarization nature of the held keeps 
changing as it propagates. 

In order to change linear into circular polarization, the wave may be launched into 
the birefringent medium with a linear polarization having equal x- and y-components. 
After it propagates a distance / such that <fi = ( n\ - n 2 )kol = tt/2, the wave will have 
changed into left-handed circular polarization: 



£(0) = A(x + y) 

(3.2.7) 

E(l) =A(x + ye^)e Jkl1 = A(x + jy)e Jkl1 

Polarization-changing devices that employ this property are called retarders and are 
shown in Fig. 3.2.1. The above example is referred to as a quarter-wave retarder because 
the condition <fi = tt/2 maybe written as (n\ - n 2 )l = A/4. 
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linear polarization elliptic polarization 



y 





linear polarization 



linear polarization 



Fig. 3.2.1 Linearly and circularly birefringent retarders. 



3.3 Chiral Media 

Ever since the hrst experimental observations of optical activity by Arago and Biot in 
the early 1800s and Fresnel’s explanation that optical rotation is due to circular bire- 
fringence, there have been many attempts to explain it at the molecular level. Pasteur 
was the hrst to postulate that optical activity is caused by the chirality of molecules. 

There exist several versions of constitutive relationships that lead to circular bire- 
fringence [285-301]. For single-frequency waves, they are all equivalent to each other. 
For our purposes, the following so-called Tellegen form is the most convenient [34]: 



D=eE-j X H 
B= liH + jxE 



(chiral media) 



(3.3.1) 



where x is a parameter describing the chirality properties of the medium. 

It can be shown that the reality (for a lossless medium) and positivity of the energy 
density function (E* ■ D + //* ■ B) / 2 requires that the constitutive matrix 



e -JX 
jX A* 

be hermitian and positive definite. This implies that e,p,x are real, and furthermore, 
that lx | < Using Eqs. (3.3.1) in Maxwell’s equations (3.1.5), we obtain: 

d z E± = +coB± = +a) (pH , + j X E± ) 

(3.3.2) 

d z H± = ±a)D , = ±co(eE ± -jxH ± ) 



Defining c = q = k = co/c = and the following real-valued 

dimensionless parameter a = cx = X / V A/e (so that \a\ < 1), we may rewrite Eqs. (3.3.2) 
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in the following matrix forms: 

d_ r E ± 

dz riH± 



jka k E± 

-k jka rjH± 



These matrix equations maybe diagonalized by appropriate linear combinations. For 
example, we debne the right-polarized (forward-moving) and left-polarized (backward- 
moving) waves for the {E+,H+} case: 



e r+ = -[£+ -jnH+] 
E L+ = ^[E + +jnH + ] 



E+ = Er+ + Et 



- [£j?+ - El+] 



It then follows from Eq. (3.3.3) that {Er+,El+} will satisfy the decoupled equations: 



jS_ E R + 
dz E L l 



-jk+ 0 Erl 

o jk- Ell 



Er+(z)= A+e Jk + 
E l+ (z)= B+ e Jk - z 



where k+,k- are defined as follows: 



k+ = k(l±a)= (a{^jle±x) 



We may also define circular refractive indices by n± = k±/ko, where ko is the free- 
space wavenumber, ko = co^po^o- Setting also n = k/ko = o^o, we have: 




In summary, we obtain the complete circular -basis fields E± (z): 

(3.3.10) 

Thus, the E+ (z) circular component propagates forward with wavenumber k+ and 
backward with k_, and the reverse is true of the E- (z) component. The forward-moving 
component of E+ and the backward-moving component of E-, that is, Er+ and Er-, are 
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both right-polarized and both propagate with the same wavenumber k+. Similarly, the 
left-polarized waves El+ and El- both propagate with k_. 

Thus, a wave of given circular polarization (left or right) propagates with the same 
wavenumber regardless of its direction of propagation. This is a characteristic difference 
of chiral versus gyrotropic media in external magnetic fields. 

Consider, next, the effect of natural rotation. We start with a linearly polarized held 
at z = 0 and decompose it into its circular components: 

E( 0) = xA x + y A y = e+A+ + e_A_ , with A± = ^ (A x ± jA y ) 

where A x , A y must be real for linear polarization. Propagating the circular components 
forward by a distance / according to Eq. (3.3.10), we find: 

E(I) = e+A+ e~J k+l + e_A_ e~ jk ~ l 

= [e + A + e~ j{k+ - k - )l/2 + e_A_e j{k+ - k - )ll2 ]e- j{k++k - )l/2 (3.3.11) 

= [e+A+e^^ + e_A_e J ^]e _j(k++k “ )//2 

where we defined the angle of rotation: 

(natural rotation) (3.3.12) 

Going back to the linear basis, we find: 

e+A + e~ J< ^ + e-A-e 1 ^ = (x-jy)^(A x +jA y )e~ Jrl, + (x + jy) | (A x - jAy)^ 4, 

= [xcos <fi - y sin$] A x + [ycos <fi + xsin <fi]A y 
= x'A x + y A y 

Therefore, at z = 0 and z = /, we have: 

E(0)= [xA x +yAy] 

E(l) = [xA x + yAy]e-E k + + k -')ll2 ) 

The new unit vectors x' = xcos <fi-y sin <fi and y = y cos <fi+x sirup are recognized 
as the unit vectors x, y rotated clockwise (if <fi > 0) by the angle <fi, as shown in Fig. 3.2.1 
(for the case A x 0, A y = 0.) Thus, the wave remains linearly polarized, but its 
polarization plane rotates as it propagates. 

If the propagation is in the negative z-direction, then as follows from Eq. (3.3.10), the 
roles of k+ and k- are interchanged so that the rotation angle becomes <j> = (k--k+)l/ 2, 
which is the negative of that of Eq. (3.3.12). 

If a linearly polarized wave travels forward by a distance /, gets reflected, and travels 
back to the starting point, the total angle of rotation will be zero. By contrast, in the 
Faraday rotation case, the angle keeps increasing so that it doubles after a round trip 
(see Problem 3.10.) 
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3.4 Gyrotropic Media 

Gyrotropic* media are isotropic media in the presence of constant external magnetic 
fields. A gyroelectric medium (at frequency c o) has constitutive relationships: 




B= yiH 



(3.4.1) 



For a lossless medium, the positivity of the energy density function requires that the 
permittivity matrix be hermitian and positive-definite, which implies that £\, £ 2 , £3 are 
real, and moreover, £\ >0, \£ 2 1 < £ 1 , and £3 > 0. The quantity £2 is proportional to the 
external magnetic held and reverses sign with the direction of that held. 

A gyromagnetic medium, such as a ferrite in the presence of a magnetic held, has 
similar constitutive relationships, but with the roles of D and H interchanged: 



~B X ~ 


Hi 


JH2 


0 ' 


Hx 






By 


= -jH2 


Hi 


0 


Hy 


ku 

II 

Q 


(3.4.2) 


B z 


L 0 


0 


H3 _ 


H z 







where again p 1 > 0, I/J 2 1 ^ Pi, and p 3 > 0 for a lossless medium. 

In the circular basis of Eq. (3.1.1), the above gyrotropic constitutive relationships 
take the simplihed forms: 

D± = ( £\ ±£ 2 )E±, B± = uH± , (gyroelectric) 

(3.4.3) 

B , = (p! ± p 2 ) H± , D± - £E± , (gyromagnetic) 

where we ignored the z-components, which are zero for a uniform plane wave propa- 
gating in the z-direction. For example, 

D X ± jDy = (Cl E X + J£2Ey) ±j(£\Ey “ = (^1 ± ^2 ) (E X ±jEy) 

Next, we solve Eqs. (3.1.5) for the forward and backward circular-basis waves. Con- 
sidering the gyroelectric case hrst, we dehne the following quantities: 

(3.4.4) 

Using these definitions and the constitutive relations D± = £±E±, Eqs. (3.1.5) may 
be rearranged into the following matrix forms: 





These may be decoupled by dehning forward- and backward-moving helds as in 
Eqs. (3.3.4) and (3.3.8), but using the corresponding circular impedances r/ ± : 

e r+ = l -[E + -jn+H+] e l - = hf- +jn-H _] 

(3.4.6) 

El+ = 2 [E + +jn+H + ] Er _ = -[£_ -jn-H-] 

^The term “gyrotropic” is sometimes also used to mean “optically active.” 
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These satisfy the decoupled equations: 

d_ r E r+ 1 = r -jk + 0 1\e r+ 1 Er+ (z) = A+ e~J k+z 

dz E l+ 0 jk+ E l+ ^ El+ (z) = B+ e Jk+z 

(3.4.7) 

d_ r E L - 1 _ r -jk- 0 ] I" £i- ] E L- (z) = A- e~J k ~ z 

dz [ Er- J " L 0 jk- J L Er- J ^ Er- (z) = B- e > k - z 



Thus, the complete circular-basis helds E± (z) are: 

(3.4.8) 

Now, the E+ (z) circular component propagates forward and backward with the same 
wavenumber k+, while E- (z) propagates with k_. Eq. (3.3.13) and the steps leading to 
it remain valid here. The rotation of the polarization plane is referred to as the Faraday 
rotation. If the propagation is in the negative z-direction, then the roles of k+ and k- 
remain unchanged so that the rotation angle is still the same as that of Eq. (3.3.12). 

If a linearly polarized wave travels forward by a distance /, gets reflected, and travels 
back to the starting point, the total angle of rotation will be double that of the single 
trip, that is, 2 </> = ( k+ -k-)l. 

Problems 1.9 and 3.12 discuss simple models of gyroelectric behavior for conduc- 
tors and plasmas in the presence of an external magnetic held. Problem 3.14 develops 
the Appleton-Hartree formulas for plane waves propagating in plasmas, such as the 
ionosphere [302-306]. 

The gyromagnetic case is essentially identical to the gyroelectric one. Eqs. (3.4.5) to 
(3.4.8) remain the same, but with circular wavenumbers and impedances defined by: 

(3.4.9) 

Problem 3.13 discusses a model for magnetic resonance exhibiting gyromagnetic 
behavior. Magnetic resonance has many applications— from NMR imaging to ferrite mi- 
crowave devices [307-318]. Historical overviews maybe found in [316,318]. 





3.5 Linear and Circular Dichroism 

Dichroic polarizers, such as polaroids, are linearly birefringent materials that have widely 
different attenuation coefficients along the two polarization directions. For a lossy ma- 
terial, the held solutions given in Eq. (3.2.4) are modihed as follows: 

E x (z)= Ae~ jklZ = Ae^ aiZ e~^ lZ , k\ = coVpei = Pi -ja i 

(3.5.1) 

E y (z) — Be J k ^ z = Be~^ z e~J^ 2 , k 2 = ooJJi£2 = p 2 ~joc 2 

where a\, a 2 are the attenuation coefficients. Passing through a length / of such a 
material, the initial and output polarizations will be as follows: 
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E(0)= xA +yB 

(3.5.2) 

E(l) = xAe~J kl1 +yBe~J k21 = (xAe ~ ai1 +y Be~ a 2 l e^)e ~^ 11 

In addition to the phase change <f> = (pi - P 2 ) L the held amplitudes have attenuated 
by the unequal factors a\ = e~ axl and U 2 = e -0f2/ . The resulting polarization will be 
elliptic with unequal semi-axes. If a 2 » (Xi, then cz 2 a\ and the y-component can be 
ignored in favor of the x-component. 

This is the basic principle by which a Polaroid material lets through only a preferred 
linear polarization. An ideal linear polarizer would have a 1 = 1 andc ?2 = 0, correspond- 
ing to =0 and a 2 = °o. Typical values of the attenuations for commercially available 
polaroids are of the order of a\ = 0.9 and CZ 2 = 10~ 2 , or 0.9 dB and 40 dB, respectively. 

Chiral media may exhibit circular dichroism [287,300], in which the circular wavenum- 
bers become complex, k± = p± -ja±. Eq. (3.3.11) reads now: 



E(l) = e + A + e~ 
= [e+A+e 



Jk+l + e_A_ e 

-j (k+—k-)l/2 , ^ 



e_A_e^ fe+ k -d/2^ e ~ 



-j(k + +k-)l/2 



= [e+A+e-^-j* +e-A-e* + J , t , ]e-J {k + 
where we defined the complex rotation angle: 



<p -j*i> 



k-)l= 



Going back to the linear basis as in Eq. (3.3.13), we obtain: 

£(0)= [x A x + y A y ] 

E(l) = [x'A' x + yA;]e* tL)m (3 ‘ 5 ‘ 5) 

where {x',y'} are the same rotated (by </>) unit vectors of Eq. (3.3.13), and 
A; = A x cosh (// -jA y sinh <p 

(3.5.0) 

A y = A y cosh ip + jA x sinh ip 

Because the amplitudes A' x , A' y are now complex- valued, the resulting polarization 
will be elliptical. 



3.6 Oblique Propagation in Birefringent Media 

Here, we discuss TE and TM waves propagating in oblique directions in linearly birefrin- 
gent media. We will use these results in Chap. 7 to discuss reflection and refraction in 
such media, and to characterize the properties of birefringent multilayer structures. 

Applications include the recently manufactured (by 3M, Inc.) multilayer birefrin- 
gent polymer mirrors that have remarkable and unusual optical properties, collectively 
referred to as giant birefringent optics (GBO) [264]. 

Oblique propagation in chiral and gyrotropic media is discussed in the problems. 
Further discussions of wave propagation in anisotropic media may be found in [31-33]. 
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We recall from Sec. 2.9 that a uniform plane wave propagating in a lossless isotropic 
dielectric in the direction of a wave vector k is given by: 

E(i)=Ee~ jkr , H(r)= He~ Jkr , with k-£=0, H=—kxE (3.6.1) 

Ho 

where n is the refractive index of the medium n = ^elco, ho the free-space impedance, 
and k the unit-vector in the direction of k, so that, 

k = k k, k = \k\ = co^poc = nk 0 , k 0 = — = co (3.6.2) 

Co 

and ko is the free-space wavenumber. Thus, E, H, k form a right-handed system. 

In particular, following the notation of Fig. 2.9.1, if k is chosen to he in the xz plane 
at an angle 0 from the z-axis, that is, k = x sin 0 + z cos 0 , then there will be two inde- 
pendent polarization solutions: TM, parallel, or p-polarization, and TE, perpendicular, 
or s-polarization, with fields given by 

n 

(TM or p-polarization): E = Eo (x cos 0 - z sin 0) , H = — To y 

n no (3-6.3) 

(TE or s-polarization): E = Eo y , H = — Eo(-x cos 0 + z sin 0 ) 

ho 

where, in both the TE and TM cases, the propagation phase factor e~ jk T is: 



0 ~j k r _ e ~j(k z z+k x x) _ e ~jk 0 n(z cos 6 +x sin 6) 



(3.6.4) 



The designation as parallel or perpendicular is completely arbitrary here and is taken 
with respect to the xz plane. In the reflection and refraction problems discussed in 
Chap. 6, the dielectric interface is taken to be the xy plane and the xz plane becomes 
the plane of incidence. 

In a birefringent medium, the propagation of a uniform plane wave with arbitrary 
wave vector k is much more difficult to describe. For example, the direction of the 
Poynting vector is not towards k, the electric held E is not orthogonal to k, the simple 
dispersion relationship k = n co/co is not valid, and so on. 

In the previous section, we considered the special case of propagation along an ordi- 
nary optic axis in a birefringent medium. Here, we discuss the somewhat more general 
case in which the xyz coordinate axes coincide with the principal dielectric axes (so that 
the permittivity tensor is diagonal,) and we take the wave vector k to lie in the xz plane 
at an angle 0 from the z-axis. The geometry is depicted in Fig. 3.6.1. 

Although this case is still not the most general one with a completely arbitrary direc- 
tion for k, it does contain most of the essential features of propagation in birefringent 
media. The 3M multilayer films mentioned above have similar orientations for their 
optic axes [264]. 

The constitutive relations are assumed to be B = poH and a diagonal permittivity 
tensor for D. Let £\,£ 2 , £3 be the permittivity values along the three principal axes and 
define the corresponding refractive indices n z - = ^fejje 0 , z = 1,2,3. Then, the D-E 
relationship becomes: 




Cl 

0 

0 





(3.6.5) 
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Fig. 3.6.1 Uniform plane waves in a birefringent medium. 



For a biaxial medium, the three ft, are all different. For a uniaxial medium, we take 
the xy-axes to be ordinary, with n 3 = n 2 = n 0 , and the z-axis to be extraordinary, with 
n 3 = n e ? The wave vector k can be resolved along the z and x directions as follows: 

k = kk = k(xsin# + zcos 0) = xk x + zk z (3.6.6) 

The oo -k relationship is determined from the solution of Maxwell’s equations. By 
analogy with the isotropic case that has k = nko = noo/co, we may define an effective 
refractive index N such that: 



k = Nk 0 = N — 
Co 



(effective refractive index) 



(3.6.7) 



We will see in Eq. (3.6.22) by solving Maxwell’s equations that N depends on the 
chosen polarization (according to Fig. 3.6.1) and on the wave vector direction 0: 



N = 



nin 3 



^ n\ sin 2 0 + n 3 cos 2 0 



(TM or p-polarization) 



n 2 , (TE or s-polarization) 

For the TM case, we may rewrite the N-0 relationship in the form: 



1 cos 2 0 sin 2 0 

9 T 9 



N 2 



(effective TM index) 



(3.6.8) 



(3.6.9) 



Multiplying by k 2 and using ko = k/N, and k x = k sin 0, k z = k cos 0, we obtain the 
oo-k relationship for the TM case: 



co 2 k 2 k 2 . 

— y- = — | + -f (TM or p-polarization) 
Co K m 



Similarly, we have for the TE case: 

,2 k 2 



00 

r 2 

C 0 



m 



(TE or s-polarization) 



(3.6.10) 



(3.6.11) 



^In Sec. 3.2, the extraordinary axis was the x-axis. 
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Thus, the TE mode propagates as if the medium were isotropic with index n = n 2 , 
whereas the TM mode propagates in a more complicated fashion. If the wave vector k 
is along the ordinary x-axis (0 = 90°), then k = k x = n 3 oo/co (this was the result of 
the previous section), and if k is along the extraordinary z-axis {0 = 0°) , then we have 
k = k z = n { oo/co. 

For TM modes, the group velocity is not along k. In general, the group velocity 
depends on the oo-k relationship and is computed as v = 0c o/dk. From Eq. (3.6.10), we 
find the x- and z-components: 



0 CO 

w x 

0 CO 

w* 



N 



= Co sin 0 
cvni ni 



(3.6.12) 



k z Co N n 
y = Co — y COS 0 

oon{ n\ 



The velocity vector v is not parallel to k. The angle 0 that v forms with the z-axis is 
given by tan0 = v x /v z . It follows from (3.6.12) that: 



tan 6) = 



5? 

n§ 



tan# 



(group velocity direction) 



(3.6.13) 



Clearly, 0 0 if n% n 3 . The relative directions of k and v are shown in Fig. 3.6.2. 

The group velocity is also equal to the energy transport velocity defined in terms of the 
Poynting vector T and energy density w as v = T/w. Thus, v and T have the same 
direction. Moreover, with the electric held being orthogonal to the Poynting vector, the 
angle 0 is also equal to the angle the Fheld forms with the x-axis. 




Fig. 3.6.2 Directions of group velocity, Poynting vector, wave vector, and electric held. 

Next, we derive Eqs. (3.6.8) for N and solve for the held components in the TM 
and TE cases. We look for propagating solutions of Maxwell’s equations of the type 
E( r)= Ee~ Jk r and H(r)= He~ jk r . Replacing the gradient operator by V — -jk and 
canceling some factors of j, Maxwell’s equations take the form: 
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V X E = -jco/JoH 


kx E = (OfJoH 


V X H = jcoD 


kx H = -coD 


=> 




<\ 

II 

o 


k D= 0 


o 

II 

> 


o 

II 

Jtl 



The last two equations are implied by the first two, as can be seen by dotting both 
sides of the brst two with k. Replacing k = k k = Nkok, where N is still to be determined, 
we may solve Faraday’s law for H in terms of E\ 



N — kxf = cou 0 H 
Co 



(3.6.15) 



where we used r/o = CojL/o- Then, Ampere’s law gives: 
„ 1 . „ 1 . T tv - „ N 2 ~ , _ - 



— kxH = - — N — kxH = 

(JO CO Co 



-kx (Ex k) 



kx (£xk) = 



CqN 2 



where we used Coho = 1 /eo- The quantity kx (Ex k) is recognized as the component of 
E that is transverse to the propagation unit vector k. Using the BAC-CAB vector identity, 
we have kx (E x k) = E - k(k ■ E ) . Rearranging terms, we obtain: 



E ~,D = k(k£) 

CqN 2 



(3.6.16) 



Because D is linear in E, this is a homogeneous linear equation. Therefore, in order 
to have a nonzero solution, its determinant must be zero. This provides a condition 
from which N can be determined. 

To obtain both the TE and TM solutions, we assume initially that E has all its three 
components and rewrite Eq. (3.6.16) component-wise. Using Eq. (3.6.5) and noting that 
k ■ E = E x sin 0 + E z cos 0, we obtain the homogeneous linear system: 



E x = (E x sin 0 + E z cos 0) sin 0 



(3.6.17) 



y 1 - J E z = (E x sin0 + E z cos 0)cos 0 

The TE case has E y ± 0 and E x = E z = 0, whereas the TM case has E x ± 0, E z 0, 
and E y = 0. Thus, the two cases decouple. 

In the TE case, the second of Eqs. (3.6.17) immediately implies that N = n 3 . Setting 
E = E 0 y and using kxy = -xcos 0 + z sin 0, we obtain the TE solution: 
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E( r) = E 0 ye jkr 

H( r) = — Eo(-xcos 0 + zsm0)e~ jk r 

0o 



(3.6.18) 



where the TE propagation phase factor is: 



e J k r = e Jkon 2 (z cos e+xsmd) (TE propagation factor) (3.6.19) 

The TM case requires a little more work. The linear system (3.6.17) becomes now: 



1 - j e x = (E x sin 0 + E z cos 0 ) sin 0 



(3.6.20) 



1 - j E z = (E x sin 0 + E z cos 0 ) cos 0 



Using the identity sin 2 0 + cos 2 0 = 1, we may rewrite Eq. (3.6.20) in the matrix form: 



cos 2 0 - — l - - sin 0 cos 0 r f 
N 2 

n 2 E 

- sin 0 cos 0 sin 2 0 - — % J pfe r 
N 2 -I 



(3.6.21) 



Setting the determinant of the coefficient matrix to zero, we obtain the desired con- 
dition on N in order that a non-zero solution E x , E z exist: 



s” 2 



sin 2 0 cos 2 0 = 0 



(3.6.22) 



This can be solved for N 2 to give Eq. (3.6.9). From it, we may also derive the following 
relationship, which will prove useful in applying Snell’s law in birefringent media: 



N cos 0 



— Jnl - N 2 sin 2 0 = n , 1- 



N 2 sin 2 0 



(3.6.23) 



With the help of the relationships given in Problem 3.16, the solution of the homo- 
geneous system (3.6.20) is found to be, up to a proportionality constant: 



E x = A — cos 0 , E z = -A — sin 0 
ni n 3 



(3.6.24) 



The constant A can be expressed in terms of the total magnitude of the held Eo 
\E\ = VlTxl 2 + \E Z \ 2 . Using the relationship (3.7.11), we find (assuming A > 0): 



V ; n\ + n 2 -N 2 

The magnetic held H can also be expressed in terms of the constant A. We have: 



(3.6.25) 
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N - N 

H = — kxf = — (xsind + zcos 0 ) x ( xE x + z E z ) 

no no 

= — y(E x cos0 - E z smO)= — y A (— cos 2 0 + — sin 2 d) 
no no V ni n 3 ) 

= N_ . . ^1^3 = jA , nin 3 

~ no y n 2 ~ no y n 

where we used Eq. (3.7.10). In summary, the complete TM solution is: 



(3.6.26) 



E( r) 


= E 0 - 


N 

1 o 


( - n 3 
x — cos 0 


- z — sind) e Jk r 






Jnl + nj-N 2 


V n x 


n 3 J 


H(r) 


= ^ 


n i« 3 


y£~J kr 






no 


V n i + n 2 - N 2 







(TM) 



(3.6.27) 



where the TM propagation phase factor is: 



g-Jk-r _ g-jk 0 N(z cos 0+xsmO) 



(TM propagation factor) 



(3.6.28) 



The solution has been put in a form that exhibits the proper limits at 0 = 0° and 
90°. It agrees with Eq. (3.6.3) in the isotropic case. The angle that E forms with the x-axis 
in Fig. 3.6.2 is given by tan 0 = -E z /E x and agrees with Eq. (3.6.13). 

Next, we derive expressions for the Poynting vector and energy densities. It turns 
out— as is common in propagation and waveguide problems— that the magnetic energy 
density is equal to the electric one. Using Eq. (3.6.27), we find: 



^ 1 Eq n 3 n 3 N 

T = - Re(£ x H )= 2 2 

2 2r/ 0 n[ + n 3 - N 2 



(- Hi ■ 
X SI 

V n 3 



, n 3 



— sin 0 + z — cos 0 , 

n 3 ni ) 



(3.6.29) 



and for the electric, magnetic, and total energy densities: 
w e = ^Re(D-E*) = ±e 0 (n 2 \E x \ 2 + n 2 \E z \ 2 ) = E 



n\n\ 



2 2 

^3 



w m = * Re(£- H*) = ip 0 |H y | 2 = \e,El n 2 + n 2 _ N , 



n l + n 3 - N 2 



= W e 



(3.6.30) 



1 2 n l n l 

W = W e + W m = 2\V e = ~€ 0 E^ 

2 rii + n 3 - N 2 



The vector T is orthogonal to E and its direction is 0 given by Eq. (3.6.13), as can be 
verified by taking the ratio tan 0 = T x /T z . The energy transport velocity is the ratio of 
the energy flux to the energy density— it agrees with the group velocity (3.6.12): 



T 

V = — = Co 



(- N . 



.. . . . N 

— sm 0 + z — cos 0 
n\ 



(3.6.31) 



To summarize, the TE and TM uniform plane wave solutions are given by Eqs. (3.6.18) 
and (3.6.27). We will use these results in Sects. 7.7 and 7.9 to discuss reflection and re- 
fraction in birefringent media and multilayer birefringent dielectric structures. Further 
discussion of propagation in birefringent media can be found in [205] and [264-284]. 
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3.7 Problems 

3.1 For the circular-polarization basis of Eq. (3.1.1), show 

E = e+E+ + Q-E- => z x E = j e+E+ — j e_E_ => z x E± = ± jE± 

3.2 Show the component-wise Maxwell equations, Eqs. (3.1.4) and (3.1.5), with respect to the 
linear and circular polarization bases. 

3.3 Suppose that the two unit vectors {x, y} are rotated about the z-axis by an angle 0 resulting 
in x' = xcos <fi + y sirup and y = y cos <p - xsin <p. Show that the corresponding circular 
basis vectors e+ = x + jy and e+ - x + j y change by the phase factors: e+ = e ± ^e+ . 

3.4 Consider a linearly birefringent 90° quarter-wave retarder. Show that the following input 
polarizations change into the indicated output ones: 

x±y - x±j y 
x±jy - x±y 

What are the output polarizations if the same input polarizations go through a 180° half- 
wave retarder? 

3.5 A polarizer lets through linearly polarized light in the direction of the unit vector e p = 
xcos + y sin dp, as shown in Fig. 3.7.1. The output of the polarizer propagates in the 
z-direction through a linearly birefringent retarder of length /, with birefringent refractive 
indices m, n 2 , and retardance = (m - n 2 )kol. 




Fig. 3.7.1 Polarizer-analyzer measurement of birefringence. 

The output E(l) of the birefringent sample goes through an analyzing linear polarizer that 
lets through polarizations along the unit vector e a = xcos 0 a + y sin 0 a . Show that the light 
intensity at the output of the analyzer is given by: 

l a = | e a ■ E(l ) | 2 = | cos 0 a cos dp + sin 0 a sin 0 P \ 2 

For a circularly birefringent sample that introduces a natural or Faraday rotation of = 
( k+ - k-)l/ 2, show that the output light intensity will be: 

I a = | e a ■ E(l) 1 2 = cos 2 (dp -0a~4>) 

For both the linear and circular cases, what are some convenient choices for 0 a and dp? 

3.6 A linearly polarized wave with polarization direction at an angle d with the x-axis goes 
through a circularly birefringent retarder that introduces an optical rotation by the angle 
= ( k+ - k_)//2. Show that the input and output polarization directions will be: 



xcosd+ysind — xcos(d - 0) +y sin(d - 0) 
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3.7 Show that an arbitrary polarization vector can be expressed as follows with respect to a 
linear basis {x,y} and its rotated version {x',y'}: 

E = A x + B y = A' x + B' y 

where the new coefficients and the new basis vectors are related to the old ones by a rotation 
by an angle <£: 

A' 1 _ T COS0 sin cf) 1 T A 1 x' 1 _ |~ cos<fi sm<p 1 T x 1 

B' J [-sin<£ cos$J[l?J’ [y J [-sin0 cos$J[yJ 

3.8 Show that the source-free Maxwell’s equations (3.1.2) for a chiral medium characterized by 
(3.3.1), may be cast in the matrix form, where k = co A //Je, rj = ^ule, and a = x/ 




Show that these may be decoupled by forming the “right” and “left” polarized fields: 

v x £■* ] = [ *0 -i k _ El ] ’ where Er = \ . E l = ^(E + jnH ) 

where k+ = k(l ± a). Using these results, show that the possible plane-wave solutions 
propagating in the direction of a unit-vector k are given by: 

E(r)= £ 0 (P - js)e~ Jk+ ' T and E(r) = E 0 (p + js)e~ jk ~' Y 

where k+ = k+ k and {p, s, k} form a right-handed system of unit vectors, such as {x' , y , z } 
of Fig. 2.9.1. Determine expressions for the corresponding magnetic fields. What freedom 
do we have in selecting {p, s} for a given direction k? 

3.9 Using Maxwell’s equations (3.1.2), show the following Poynting-vector relationships for an 
arbitrary source-free medium: 

V ■ ( EXH *) =joo(D* ■ E-B- H*) 

V ■ Re(£xf/*) = -co Im(D* ■ E + B* ■ H) 

Explain why a lossless medium must satisfy the condition V ■ R e(Ex H*) = 0. Show that 
this condition requires that the energy function w = (D* ■ E + B* ■ El) 12 be real-valued. 
For a lossless chiral medium characterized by (3.3.1), show that the parameters e,\ u,x are 
required to be real. Moreover, show that the positivity of the energy function w > 0 requires 
that \x\ < as well as e > 0 and ju > 0 . 

3.10 In a chiral medium, at z = 0 we lauch the fields Er+ (0) and El- (0) , which propagate by a 
distance /, get reflected, and come back to the starting point. Assume that at the point of 
reversal the fields remain unchanged, that is, Er+ (/) = El+ (Z) and E l ~ (/) = Er- (/) . Using 
the propagation results (3.3.5) and (3.3.9), show that fields returned back at z = 0 will be: 

E L+ m=E L+ (l)e-J k -' = E R+ (l)e-J k -' = E R+ (0)e~J^ +k - )l 
E r . (0) = Er. (l)e~J k + l = E L - = E L . (0)e~j (k + +k - )l 

Show that the overall natural rotation angle will be zero. For a gyrotropic medium, show 
that the corresponding rountrip fields will be: 
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E l+ (0) = E L+ (l)e-*- 1 = E r+ (l)e-j k - 1 = E R+ (0)e~ 2 ^ 1 
E R -(0)=E R -(l)e-j k+l =E L -(l)e~j k+l = E L - (0)e~ 2 j k - 1 

Show that the total Faraday rotation angle will be 2$ = ( k+ - k_)/. 

3.11 Show that the x,y components of the gyroelectric and gyromagnetic constitutive relation- 
ships (3.4.1) and (3.4.2) may be written in the compact forms: 



It = Ci E t -je 2 z x E 
h = lhH T -jii 2 zxl 



(gyroelectric) 

(gyromagnetic) 



where the subscript T indicates the transverse (with respect to z) part of a vector, for exam- 
ple, D t = xD x + y D y . 

3.12 Conductors and plasmas exhibit gyroelectric behavior when they are in the presence of an 
external magnetic field. The equation of motion of conduction electrons in a constant mag- 
netic field is mv = e(E + v x B) -mav, with the collisional damping term included. The 
magnetic field is in the z-direction, B = z Bo. 

Assuming time dependence and decomposing all vectors in the circular basis (3.1.1), 
for example, v = e+v+ + e_v_ + z v z , show that the solution of the equation of motion is: 



a + j(oo ± cor) (x + joo 

where cor = eBo/m is the cyclotron frequency. Then, show that the D-E constitutive 
relationship takes the form of Eq. (3.4.1) with: 



: 62 = e 0 1 



CO [a +j{(JO ± cv B )] 



JU>p 

co (a + jco) 



where 00 p = Ne 2 /meo is the plasma frequency and N, the number of conduction electrons 
per unit volume. (See Problem 1.9 for some helpful hints.) 

3.13 If the magnetic field H tot = z H 0 + He jMt is applied to a magnetizable sample, the in- 
duced magnetic moment per unit volume (the magnetization) will have the form M tot = 
z Mo + where zM 0 is the saturation magnetization due to zH 0 acting alone. The 

phenomenological equations governing M t0 1 , including a so-called Fandau-Fifshitz damping 
term, are given by [315]: 



" Mot ^ (Mtot X Utot) 



where y is the gyromagnetic ratio and t = 1/ a, a relaxation time constant. Assuming that 
\H\ <<c Ho and |M| <<c M 0 , show that the linearized version of this equation obtained by 
keeping only first order terms in H and M is: 

jcoM = cojvf (z x H) -co H (z xM)-«zx [ (M- Xo H) xz] 



where com = yM 0 , coh = yH 0 , and Xo = M 0 /ZT 0 . Working in the circular basis (3.1.1), show 
that the solution of this equation is: 




www.ece.rutgers.edu/~orfanidi/ewa 



83 



M + = Xo a f JWH — - H + = x+H + and M z = 0 

“ A a + j(co ± (Oh) “ “ 

Writing B = p 0 (H + M) , show that the permeability matrix has the gyromagnetic form of 
Eq. (3.4.2) with pi ± j u 2 = H± = Ho (1 + X±) and p 3 = p 0 - Show that the real and imaginary 
parts of jUi are given by [315]: 



Re(pi) = p 0 + 



HoXo <x 2 + cv H (cv + o)h) <x 2 - cv H (cv - (Oh} 
2 a 2 + (co + COj/) 2 (X 2 + (co - cjo h ) 2 






CX 2 +(CO + COh) 2 a 2 + (co - C0 H ) 2 - 



Derive similar expressions for Re(jU 2 ) and Im(p 2 ). 

3.14 A uniform plane wave, Ee~^ k r and He~ jk T , is propagating in the direction of the unit vector 
k = z = z cos 0 + zsin# shown in Fig. 2.9.1 in a gyroelectric medium with constitutive 
relationships (3.4.1). 

Show that Eqs. (3.6.14)-(3.6.16) remain valid provided we define the effective refractive index 
N through the wavevector k = k k, where k = Nk 0 , k 0 = cjo^/h^o- 

Working in the circular-polarization basis (3.1.1), that is, E = e+£’+ + &-E- + zE z , where 
E± = (E x ± j E y ) / 2, show that Eq. (3.6.16) leads to the homogeneous system: 



- i sin 2 0 
- sin 0 cos 0 



sin 0 cos 0 



1 - - sin' 



Co N 2 2 

sin 0 cos 0 sin 2 0 



-sin^cos# E- =0 (3.7.1) 

, - e 3 E z 



where e+ = £\ ± e 2 . Alternatively, show that in the linear-polarization basis: 



€i - e 0 N 2 cos 2 0 je 2 CqN 2 sin 0 cos 0 1 [ E } 



£i - Co N 2 



€qN 2 sin 0 cos 0 



£3 - £qN 2 sin 2 0 I I E z 



For either basis, setting the determinant of the coefficient matrix to zero, show that a non- 
zero E solution exists provided that N 2 is one of the two solutions of: 

2 n £3 (e 0 N 2 - e+) (e 0 N 2 - £-) u 2c+e_ e\-e\ 

Cl (£ 0 N 2 - £ 3 ) (£ 0 N 2 - £ e ) £++£- £1 

Show that the two solutions for N 2 are: 

(e 2 - c 2 - Cie 3 )sin 2 0 + 2eiC 3 ± J(c? - e 2 - CiC 3 ) 2 sin 4 0 + 4e|e 3 cos 2 0 
N = 2e 0 (ei sin 2 0 + £3 cos 2 0) (3 ' 7 ' 4) 

For the special case k = z. (0 = 0°), show that the two possible solutions of Eq. (3.7.1) are: 



£ 0 N 2 = £+ , k = k+ = E+ ^ 0, E- = 0, E z = 0 

£qN 2 = £- , k = k- = copper, E+ =0, E- ± 0, E z = 0 
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For the case k = x (0 = 90°), show that: 

£ 0 N 2 = £ 3 , k = k 3 = cu^/JEE^, E+ = 0, E- = 0, E z ± 0 

£0 N 2 = £ e , k = k e = co^/JEE^, E+ j- 0, E= ^ + E+ , E z = 0 



For each of the above four special solutions, derive the corresponding magnetic fields H. 
Justify the four values of N 2 on the basis of Eq. (3.7.3). Discuss the polarization properties of 
the four cases. For the “extraordinary” wave k = k e , show that D x = 0 and E x /E y = -j£ 2 l£\. 
Eq. (3.7.4) and the results of Problem 3.14 lead to the so-called Appleton-Hartree equations 
for describing plasma waves in a magnetic field [302-306]. 

3.15 A uniform plane wave, Ee~ jk Y and He~^ k r , is propagating in the direction of the unit vector 
k = z = zcos 0 + zsin# shown in Fig. 2.9.1 in a gyromagnetic medium with constitutive 
relationships (3.4.2). Using Maxwell’s equations, show that: 



kx E = coB, k ■ B = 0 
kxH=-uo£E, k-E= 0 



H A = k(i-fl) 

jU 0 N 2 



(3.7.5) 



where the effective refractive index N is defined through the wavevector k = k k, where 
k = Nk 0 , k 0 = co^poc. Working in the circular polarization basis H = e+H+ + e_H_ +zH z , 
where H+ = (H x ± jH y ) / 2, show that Eq. (3.7.5) leads to the homogeneous system: 



1 - - sin 
1 



1 - \ sin 2 0 - 

2 PoN 2 

- sin 0 cos 0 



= 0 (3.7.6) 



- sin 0 cos 0 - sin 0 cos 0 sin 2 0 — 

L jU 0 N 2 J 

where jl/± = pi ± ju 2 . Alternatively, show that in the linear-polarization basis 



Hi - HoN 2 cos 2 0 


jHz 


HoN 2 sin 0 cos 0 


" H x ' 




-jHz 


Hi - HoN 2 


0 


H y =0 


(3.7.7) 


HoN 2 sin 0 cos 0 


0 


H3 - HoN 2 sin 2 0 


H z 





For either basis, setting the determinant of the coefficient matrix to zero, show that a non- 
zero E solution exists provided that N 2 is one of the two solutions of: 



tan 2 0 = - 



ju 3 (ju 0 N 2 - /j+)(ijoN 2 -1 u-) 



Hi (HoN 2 -H3)(HoN 2 -H e ) 

Show that the two solutions for N 2 are: 



where He 



Hi -Hz 

Hi 



, (H 2 i -Hz~ HiH 3 )sin 2 0 + 2 ^ 13^13 ± J(p? - \x\ - jL/ijL/ 3 ) 2 sin 4 0 + 4nhulcos 2 0 

N = \ 

2p 0 (pi sin 2 0 + p 3 cos 2 0) 

For the special case 0 = 0°, show that the two possible solutions of Eq. (3.7.6) are: 

HoN 2 = H+ , k = k+ = co^/£]J^, H+ ± 0, H- = 0, H z = 0 
HoN 2 = h~, k = k+ = co^/e/JT, H+ = 0, 0, H z = 0 



For the special case 0 = 90°, show that: 

Ho N 2 = H:u k = ^3 = , H+ = 0, = 0, H z ± 0 

/j 0 N 2 = He, k = k e = (jo^£\T e , H+^0, H- = -^H+, H z = 0 
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For each of the above four special solutions, derive the corresponding electric fields E. Justify 
the four values of N 2 on the basis of Eq. (3.7.8). Discuss the polarization properties of the 
four cases. This problem is the dual of Problem 3.14. 

3.16 Using Eq. (3.6.9) for the effective TM refractive index in a birefringent medium, show the 
following additional relationships: 




(3.7.9) 

(3.7.10) 

(3.7.11) 

(3.7.12) 

(3.7.13) 



Using these relationships, show that the homogeneous linear system (3.6.20) can be simpli- 
fied into the form: 



E x — sind = —E z — cos 0 , E z — cos 0 = -E x — sin 0 
n 3 ni n x n 3 




4 

Reflection and Transmission 



4.1 Propagation Matrices 

In this chapter, we consider uniform plane waves incident normally on material inter- 
faces. Using the boundary conditions for the fields, we will relate the forward-backward 
fields on one side of the interface to those on the other side, expressing the relationship 
in terms of a 2x2 matching matrix. 

If there are several interfaces, we will propagate our forward-backward fields from 
one interface to the next with the help of a 2x2 propagation matrix. The combination of 
a matching and a propagation matrix relating the fields across different interfaces will 
be referred to as a transfer or transition matrix. 

We begin by discussing propagation matrices. Consider an electric held that is lin- 
early polarized in the x-direction and propagating along the z-direction in a lossless 
(homogeneous and isotropic) dielectric. Setting E{z)= xE x (z)= xE(z) and H(z) = 
y H y (z) = y H (z) , we have from Eq. (2.2.6): 

E (z) = E 0+ e~ Jkz + E 0 -e> kz = E + (z) +E- (z) 

1 i (4.1.1) 

H(z) = - [E 0 +e~ jkz - E 0 ~e jkz ] = — [E+(z)—E- (z)] 

g g 

where the corresponding forward and backward electric fields at position z are: 



E+ (z) = Eo+e~ Jkz 
E- (z) = E 0 -eJ kz 



(4.1.2) 



We can also express the fields E± (z) in terms of E (z) , H (z) . Adding and subtracting 
the two equations (4.1.1), we find: 



E+ (z) = t [£ (z) +rjH (z) ] 

E- (z) = t[ E (z)- n H(z)] 

Eqs.(4.1.1) and (4.1.3) can also be written in the convenient matrix forms: 



(4.1.3) 
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(propagation of Z) 



(4.1.9) 
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The reason for introducing so many field quantities is that the three quantities 
{ E+ (z) , E- (z) , r (z) } have simple propagation properties, whereas { E (z) ,H{z),Z (z) } 
do not. On the other hand, {E (z) ,H{z) ,Z (z) } match simply across interfaces, whereas 
{ E+ (z) , E- (z) , T(z) } do not. 

Eqs. (4.1.1) and (4.1.2) relate the field quantities at location z to the quantities at 
z = 0. In matching problems, it proves more convenient to be able to relate these 
quantities at two arbitrary locations. 

Fig. 4.1.1 depicts the quantities {E (z) ,H(z), E+ (z) , E- (z) , Z (z) , T (z) } at the two 
locations Z\ and z 2 separated by a distance / = z 2 - Z\. Using Eq. (4.1.2), we have for 
the forward held at these two positions: 

E 2+ = E 0 +e~ JkZ2 , E\+ = Eo+e~ jkZl = £ 0 +e“ J ' i;(Z2 “' ) = e Jk, E 2+ 



Ei, Hi 


e 2 , h 2 


E\+, Ei- 


e 2 +, £2- 


Z h Ti 


z 2 , a 


1 


1 

medium 1 ► 


1 

1 

1 

1 


n r 

1 

1 ► 



Zi z 2 

hi / H 

Fig. 4.1.1 Field quantities propagated between two positions in space. 

And similarly, A- = e~^ kl E 2 -. Thus, 

£ 1+ = e* kl E 2 + , Ei- = e~ Jk, E 2 - (4.1.10) 



and in matrix form: 



E i+" 




" e Jkl 0 


" e 2+ ~ 


Ei- 




0 e~ JkI 


E 2 - 



(propagation matrix) (4.1.11) 



We will refer to this as the propagation matrix for the forward and backward fields. 
It follows that the reflection coefficients will be related by: 



A 



A- 

A+ 



E 2 -e~J kl 
£ 2+ e> kI 



r 2 e ~ 2Jkl , 



or, 



r x = r 2 e~ 2Jkl 



(rehection coefficient propagation) 



(4.1.12) 



Using the matrix relationships (4.1.4) and (4.1.11), we may also express the total 
electric and magnetic fields Ei,H\ at position z\ in terms of E 2 ,H 2 at position z 2 : 



‘ £1 " 






1 


1 




Ei+ " 




1 


1 




0 


~E 2+' 


Hi 




[n- 1 


-n~\ 




£ i-_ 






-IT 1 J 


0 1 


Z-Jkl 


_ £ 2-_ 






1 


1 


1 


~ 


- e jkl 


0 


"1 n~ 


r £2 " 










2 


.I- 1 


-n- 1 




0 


e 


-jkl 


_ 1 —17 


[h 2 
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which gives after some algebra: 



£l ' 




cos kl jgsinkl 


"£ 2 " 


Hi 




j r/ _1 sin kl cos kl 


h 2 



(propagation matrix) 



(4.1.13) 



Writing g = go In, where n is the refractive index of the propagation medium, 
Eq. (4.1.13) can written in following form, which is useful in analyzing multilayer struc- 
tures and is common in the thin-hlm literature [199,201,205,216]: 



Ei " 




cosd jn ^osin 5 


"£ 2 " 






jng oAind cosd 


_ H 2_ 



(propagation matrix) (4.1.14) 



where <5 is the propagation phase constant, 5 = kl = konl = 2tt(u/)/Ao, and nl the 
optical length. Eqs. (4.1.13) and (4.1.5), imply for the propagation of the wave impedance: 



A 



A_ 

Hi 



A cos kl + jgH 2 sin kl 
jE 2 g~ l sin kl + H 2 cos kl 



= n 



e 2 

— cos kl + jg sin kl 

H 2 

E 2 

g cos kl + j— sin kl 
H 2 



which gives: 



Z i = g 



Z 2 cos kl + jg sin kl 
g cos kl + jZ 2 sin kl 



(impedance propagation) 



It can also be written in the form: 



z = Z 2 + jqtank/ 
1 ^ g + jZ 2 tan kl 



(impedance propagation) 



(4.1.15) 



(4.1.16) 



A useful way of expressing Z\ is in terms of the reflection coefficient T 2 . Using (4.1.7) 
and (4.1.12), we have: 



Z i = g 



1 ±£i 

l -A 



1 +r 2 e~ 2jkl 

n l-r 2 e~ 2 J kl 



or, 



Zi = g 



l+E 2 e~ 2jkl 

1 -r 2 e~ 2 J kl 



(4.1.17) 



We mention hnally two special propagation cases: the half-wavelength and the quarter- 
wavelength cases. When the propagation distance is / = A/2, or any integral multiple 
thereof, the wave impedance and reflection coefficient remain unchanged. Indeed, we 
have in this case kl = 2tt//A = 2tt/2 = tt and 2 kl = 2 tt . It follows from Eq. (4.1.12) 
that A = A and hence Z\ = Z 2 . 

If on the other hand / = A/4, or any odd integral multiple thereof, then kl = 2tt/4 = 
tt/2 and 2 kl = tt. The reflection coefficient changes sign and the wave impedance 
inverts: 



ri = r 2 e~ 2JkI = r 2 e~ Jn = -r 2 



Zi = n 



l+Ti 

i-n 



= n 



i -r 2 

l + A 



= n 



i 

Zjg 



Z 2 
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Thus, we have in the two cases: 




Zi = z 2 , r 1 =r 2 



z i 



A = -r 2 



(4.1.18) 



4.2 Matching Matrices 

Next, we discuss the matching conditions across dielectric interfaces. We consider a 
planar interface (taken to be the xy-plane at some location z) separating two dielec- 
tric/conducting media with (possibly complex- valued) characteristic impedances rj, rj', 
as shown in Fig. 4.2. 1.* 



n 


> T 


n 


n' 


n 


n' 


E + 


E+ 


E+ 


E’+ = T E+ 




E’+=J)'EL 














E_ 


E 2 


E_=pE + 




E_=T'E- 


EL 




P’,T’ 


P, T 


P',T' 


P,T 


P',T' 



Fig. 4.2.1 Fields across an interface. 

Because the normally incident fields are tangential to the interface plane, the bound- 
ary conditions require that the total electric and magnetic fields be continuous across 
the two sides of the interface: 



E = E' 
H = H' 



(continuity across interface) 



In terms of the forward and backward electric fields, Eq. (4.2.1) reads: 



(4.2.1) 



E++E- =E' + + E'_ 



1 

n 



(E- 



E-) 




E-) 



(4.2.2) 



Eq. (4.2.2) may be written in a matrix form relating the fields E± on the left of the 
interface to the fields E' ± on the right: 



‘ E + ' 


1 


1 


P 


‘ K " 


E- 


T 


P 


1 


E'_ 



and inversely: 



(matching matrix) 



(4.2.3) 



Ahe arrows in this figure indicate the directions of propagation, not the direction of the fields— the field 
vectors are perpendicular to the propagation directions and parallel to the interface plane. 
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K 


1 


1 


p' 


E + 


E'_ 


t' 


p' 


1 


E- 



(matching matrix) (4.2.4) 



where {p,r} and {p', t'} are the elementary reflection and transmission coefficients 
from the left and from the right of the interface, defined in terms of r/, p r as follows: 



D - n'-i 


T~ 2tl ' 


r # J 

/?' + /? 


n' + r 7 




o' - n ~ n' 


t ' - 2r l 


n + n" 


n + n' 



Writing rj = r]o/n and r/' = rjo/n' , we have in terms of the refractive indices: 



(4.2.5) 

(4.2.6) 





n-n' 


2 n 


p - 


n + n' ’ 


n + n' 


p' = 


n' - n 


r 2 n' 


n' + n' 


n' + n 



These are also called the Fresnel coefficients. We note various useful relationships: 

t = 1 + p, p' = -p, t = 1 + p' = 1 - p, tt = 1 - p 2 (4.2.8) 

In summary, the total electric and magnetic fields E,H match simply across the 
interface, whereas the forward/backward fields E± are related by the matching matrices 
of Eqs. (4.2.3) and (4.2.4). An immediate consequence of Eq. (4.2.1) is that the wave 
impedance is continuous across the interface: 



Z = 



£ 

H 



IE 



= Z' 



On the other hand, the corresponding reflection coefficients E = E- /E+ and r' = 
E'_/E' + match in a more complicated way. Using Eq. (4.1.7) and the continuity of the 
wave impedance, we have: 



n 



1 +T 



i -r 



= z = z' 



= n' 



i + r 

i -r 



which can be solved to get: 



r = 



P + E' 
1 + pE' 



and 



r' = 



P'+E 
1 + pT 



The same relationship follows also from Eq. (4.2.3): 



E = 



£_ 

E + 



EpE' + +E’_) 
Ue' + + pe'_) 




p + r 1 



i + pr' 
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To summarize, we have the matching conditions for Z and E : 

r p + r , p' +r 

z = z <^> r = — <^> r = — (4 2 9) 

^ ^ | i + pr\ | i + p'r\ { } 

Two special cases, illustrated in Fig. 4.2.1, are when there is only an incident wave 
on the interface from the left, so that E'_ = 0, and when the incident wave is only from 
the right, so that E+ = 0. In the first case, we have r' = E'_/E' + = 0, which implies 
Z' = g' (1 + D/(1 - T')= g' . The matching conditions give then: 

z = z' = /?' , r = p + r = p 
1 i + pr F 

The matching matrix (4.2.3) implies in this case: 



Expressing the reflected and transmitted fields E-, E' + in terms of the incident held E+, 
we have: 



E- = pE+ 
E' = tE + 



(left-incident fields) 



(4.2.10) 



This justifies the terms reflection and transmission coefficients for p and t. In the 
right -incident case, the condition E+ = 0 implies for Eq. (4.2.4): 



‘ K ' 


_ a r 1 p’ " 


0 


1 


' P'E- " 


E 1 


r [ p' i 


E _ 


t' 


E- 



These can be rewritten in the form: 

E' + = p'E'_ 
E- = t'E'_ 



(right-incident fields) 



(4.2.11) 



which relates the reflected and transmitted fields E' + ,E- to the incident held E'_. In this 
case r = E-/E+ = oo and the third of Eqs. (4.2.9) gives r' = E'_/E' + = 1/p', which is 
consistent with Eq. (4.2.11). 

When there are incident helds both from both sides, that is, E + ,E'_, we may invoke 
the linearity of Maxwell’s equations and add the two right-hand sides of Eqs. (4.2.10) 
and (4.2.11) to obtain the outgoing helds E' + ,E- in terms of the incident ones: 



I 

This gives the scattering matrix relating the outgoing helds to the incoming ones: 

rMJ T ^ , 1 [" E+ 1 (scattering matrix) (4.2.13) 



Using the relationships Eq. (4.2.8), it is easily verihed that Eq. (4.2.13) is equivalent 
to the matching matrix equations (4.2.3) and (4.2.4). 
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4.3 Reflected and Transmitted Power 

For waves propagating in the z-direction, the time-averaged Poynting vector has only a 
z-component: 

T = t Re(x£ x yH*) = z^R e(EH*) 

A direct consequence of the continuity equations (4.2.1) is that the Poynting vector 
is conserved across the interface. Indeed, we have: 

T = ^Ke(EH*)= ^Re(E'H'*)= T’ (4.3.1) 

In particular, consider the case of a wave incident from a lossless dielectric g onto a 
lossy dielectric g'. Then, the conservation equation (4.3.1) reads in terms of the forward 
and backward helds (assuming E'_ = 0): 

p = ^ (|£+|2_l ^ |2) =Re( ^y) |£ + |2 = y ' 

The left hand-side is the difference of the incident and the reflected power and rep- 
resents the amount of power transmitted into the lossy dielectric per unit area. We saw 
in Sec. 2.6 that this power is completely dissipated into heat inside the lossy dielectric 
(assuming it is infinite to the right.) Using Eqs. (4.2.10), we hnd: 

P= ^ |£ + |2 ( 1 -|pl 2) = Re (^ 7 )|£ + |2 l T l 2 (4.3.2) 

This equality requires that: 

-(1- lpl 2 )=Re(U|r| 2 (4.3.3) 

n n 

This can be proved using the dehnitions (4.2.5). Indeed, we have: 

n _ i -p r ( n j _ 1 - IpI 2 _ i - IpI 2 
n' i + p \n' ) li + pl 2 M 2 

which is equivalent to Eq. (4.3.3), if g is lossless (i.e., real.) Dehning the incident, re- 
flected, and transmitted powers by 



T *=2n lE+l 

?ref = 2- |£_| 2 = ±\E + \ 2 \p\ 2 = T in \p\ 2 
TtI = Re( ^) |£ + |2 = Re (^ 7)|£ + | 2 | T ! 2 = Tin Re ( 2)| T | 2 



Then, Eq. (4.3.2) reads T tr = T in - T re f. The power rehection and transmission 
coefficients, also known as the reflectance and transmittance, give the percentage of the 
incident power that gets reflected and transmitted: 










94 



Electromagnetic Waves & Antennas - S. J. Orfanidis - June 2 1 , 2004 



If both dielectrics are lossless, then p, r are real-valued. In this case, if there are 
incident waves from both sides of the interface, it is straightforward to show that the 
net power moving towards the z-direction is the same at either side of the interface: 



T = —(\E + \ 2 -\E-\ 2 ) 



\E'\ 2 - I EL 



This follows from the matrix identity satisfied by the matching matrix of Eq. (4.2.3): 

?io ?ir ‘ ? i -^[ \ ?i ( 4 . 3 . 6 , 



If p, t are real, then we have with the help of this identity and Eq. (4.2.3): 



T = ^(\E + \ 2 -\E.\ 2 ) = ^[E* + ,E*] 



1 


0 " 


" E + " 


0 


-1 


E- 



* I 1 


1 


P* 


1 


0 " 


1 


p 


‘ K " 


TT* 


P* 


1 


0 


-1 


_ p 


1 


r 



— llE' * E’ *1 
2f) rj' + “ J 



\E'_\ 2 ) = T' 



Example 4.3.1: Glasses have a refractive index of the order of n = 1.5 and dielectric constant 
e = n 2 e o = 2.25co- Calculate the percentages of reflected and transmitted powers for 
visible light incident on a planar glass interface from air. 

Solution: The characteristic impedance of glass will be q = r/o/n. Therefore, the reflection and 
transmission coefficients can be expressed directly in terms of n, as follows: 



q - rio _ n - 11 - n 
q + r/o n -1 + 1 1 + n ’ 



t = 1 + p 



For n = 1.5, we find p = -0.2 and t = 0.8. It follows that the power reflection and 
transmission coefficients will be 



Ipr = 0.04, 1 - | p\ l = 0.96 

That is, 4% of the incident power is reflected and 96% transmitted. □ 

Example 4.3.2: A uniform plane wave of frequency f is normally incident from air onto a thick 
conducting sheet with conductivity cr, and e = eo, P = Po- Show that the proportion 
of power transmitted into the conductor (and then dissipated into heat) is given approxi- 
mately by 



Calculate this quantity for f = 1 GHz and copper cr = 5.8xl0 7 Siemens/m. 
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Solution: For a good conductor, we have a 1. It follows from Eq. (2.8.4) that R s /no = 

Vcoeo/2cr 1. From Eq. (2.8.2), the conductor’s characteristic impedance is nc = R s (1 + 
j). Thus, the quantity ndno = (1 + j)R s /no is also small. The reflection and transmission 
coefficients p, r can be expressed to first-order in the quantity ndno as follows: 



2 ric „ 2 ru 

ric + no no 



P = T — 1 — 



-1 + 



2 He 

no 



Similarly, the power transmission coefficient can be approximated as 



1 - \p\ 2 = 1 - |t- 



t | 2 + 2 Re ( t) ^ 2 Re ( t ) 



2 2 R e(n c ) 

no 



4 Rs 

no 



where we neglected | r | 2 as it is second order in ndno- For copper at 1 GHz, we have 
Vcoe 0 /2cr = 2.19X10 -5 , which gives R s = no^uoeo/2cr = 377x2.19xl0 -5 = 0.0082 Q. It 
follows that 1 - \p\ 2 = 4R 2 /no = 8.76X10 -5 . 

This represents only a small power loss of 8.76X10 -3 percent and the sheet acts as very 
good mirror at microwave frequencies. 

On the other hand, at optical frequencies, e.g., f = 600 THz corresponding to green 
light with A = 500 nm, the exact equations (2.6.5) yield the value for the character- 
istic impedance of the sheet r/ c = 6.3924 + 6.3888 z Q and the reflection coefficient 
p = -0.9661 + 0.0328 z. The corresponding power loss is 1 - \p\ 2 = 0.065, or 6.5 percent. 
Thus, metallic mirrors are fairly lossy at optical frequencies. □ 



Example 4.3.3: A uniform plane wave of frequency f is normally incident from air onto a thick 
conductor with conductivity cr, and e = eo, p = Po- Determine the reflected and trans- 
mitted electric and magnetic fields to first-order in ndno and in the limit of a perfect 
conductor (r/ c = 0). 

Solution: Using the approximations for p and t of the previous example and Eq. (4.2.10), we 
have for the reflected, transmitted, and total electric fields at the interface: 




For a perfect conductor, we have cr — oo and ndno —• 0. The corresponding total tangen- 
tial electric field becomes zero E = E' = 0, and p = -1, t = 0. For the magnetic fields, we 
need to develop similar first-order approximations. The incident magnetic field intensity 
is H+ = E+/ no- The reflected field becomes to first order: 




Similarly, the transmitted field is 
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H' + = —E' + = —tE+ = —tH+ = — — H+ = — 

n c nc nc n c nc + no nc + no 



H+ ~ 2 ^ ~ no ) H * 



The total tangential field at the interface will be: 



H = H+ + H- =2(l- — J H+ = H' = Ft' 

V no) 

In the perfect conductor limit, we find H = FF = 2 H+. As we saw in Sec. 2.6, the fields just 
inside the conductor, E' + ,H' + , will attenuate while they propagate. Assuming the interface 
is at z = 0, we have: 



E' + (z)= E' + e~ az e- JI!z , H’ + (z)= H’ + e~ az e- Jliz 

where a = 13 = (1 -j) 15, and <5 is the skin depth 5 = ^uoncrl 2. We saw in Sec. 2.6 that 
the effective surface current is equal in magnitude to the magnetic field at z = 0, that is, 
J s = H' + . Because of the boundary condition H = H' - H' + , we obtain the result J s = H, 
or vectorially, J s = Hxz = hxH, where n = -z is the outward normal to the conductor. 

This result provides a justification of the boundary condition J s = n x H at an interface 
with a perfect conductor. □ 



4.4 Single Dielectric Slab 



Multiple interface problems can be handled in a straightforward way with the help of 
the matching and propagation matrices. For example, Fig. 4.4.1 shows a two-interface 
problem with a dielectric slab pi separating the semi-infinite media p a and Pb- 



h 



n a 


m,ki 


Pb 


E1 \ 




E 2 + 








f- 


E\- E 2 _ 




P1, T , 


P 2 2 




r 


7 o 2 

r; r 2 . 


n 



Fig. 4.4.1 Single dielectric slab. 

Let Zi be the width of the slab, k\ = co/ci the propagation wavenumber, and Ai = 
Zn/ki the corresponding wavelength within the slab. We have Ai = Ao/fti, where Ao is 
the free-space wavelength and rii the refractive index of the slab. We assume the incident 
field is from the left medium p a , and thus, in medium Pb there is only a forward wave. 
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Let pi,p 2 be the elementary reflection coefficients from the left sides of the two 
interfaces, and let Ti, Tz be the corresponding transmission coefficients: 



_ n 1 a _ / 2^ Hi Ti = 1 + pi , T 2 = 1 + P 2 (4.4.1) 

rii + ria nb + ni 

To determine the reflection coefficient JA into medium r] a , we apply Eq. (4.2.9) to 
relate F i to the reflection coefficient r[ at the right-side of the first interface. Then, we 
propagate to the left of the second interface with Eq. (4.1.12) to get: 



Pi+q = pi +r 2 e- 2 ^' 

1 + P\F'y 1 + PiT2^ 



At the second interface, we apply Eq. (4.2.9) again to relate T 2 to r' 2 . Because there 
are no backward-moving waves in medium we have r' 2 = 0. Thus, 



P 2 + F 2 
1 + p2F' 2 



Pi 



We finally find for F \ : 



pi + p 2 e 2jklh 

1 + pip 2 e~ 2 J kl k 



(4.4.3) 



This expression can be thought of as function of frequency. Assuming a lossless 
medium 171 , we have 2kili = tv (2/i/ci) = tvT, where T = 2l\/C\ = 2 {riih) /Co is the 
two-way travel time delay through medium rj\. Thus, we can write: 



A( co) = 



Pi + p2e- J(ur 
1 + pip 2 e~ jwT 



(4.4.4) 



This can also be expressed as a z-transform. Denoting the two-way travel time delay 
in the z-domain by z _1 = e~J wT = , we may rewrite Eq. (4.4.4) as the first-order 

digital filter transfer function : 



Fi{z) = 



pi + P2Z 1 
1 + P 1 P 2 Z - 1 



(4.4.5) 



An alternative way to derive Eq. (4.4.3) is working with wave impedances, which 
are continuous across interfaces. The wave impedance at interface-2 is Z 2 = Z 2 , but 
Z 2 = rib because there is no backward wave in medium rib- Thus, Z 2 = Pb- Using the 
propagation equation for impedances, we find: 



Zi = Z[ = p 



Z 2 + jpitsnkih 
1 171 + jZ 2 tanki/i 



= Pi 



p b + jpitaoa.kih 

Pi +jp b tanki/i 



Inserting this into F\ = (Z 1 - p a ) / (Zi + p a ) gives Eq. (4.4.3). Working with wave 
impedances is always more convenient if the interfaces are positioned at half- or quarter- 
wavelength spacings. 

If we wish to determine the overall transmission response into medium Pb, that is, 
the quantity *T = e y /Ei+, then we must work with the matrix formulation. Starting at 
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the left interface and successively applying the matching and propagation matrices, we 
obtain: 




1 1 Pi E' 1+ _ 1 1 Pi e jklh 0 £ 2 + 

t i Pi 1 _E'i~ _ Ti Pi 1 0 e~J k ih _ £ 2 _ 

jr i pi i r e> kih o i jr 1 p 2 1 r £2+ " 

Ti _ Pi 1 0 1 t 2 _P 2 10 



where we set £ 2 - = 0 by assumption. Multiplying the matrix factors out, we obtain: 



(1 + Pip2e 2Jklh )E' 2 , 



p JK ill 

(pi + P2e~ 2 Jklh )E' 2 , 

TlT 2 



These may be solved for the reflection and transmission responses: 



r _ £1- _ pi + p 2 e~ 2 -' Ml 
1 £i+ 1 + pip 2 e _2 ^ l/l 

(4.4.6) 

r = = TiT 2 e-^i j i 

£ 1 + 1 + pip 2 e _2 ^ l/l 

The transmission response has an overall delay factor of = e~^ wT/2 , repre- 

senting the one-way travel time delay through medium 17 1 . 

For convenience, we summarize the match-and-propagate equations relating the held 
quantities at the left of interface- 1 to those at the left of interface-2. The forward and 
backward electric fields are related by the transfer matrix: 

£i+ _ 1 1 Pi e jklh 0 £ 2 + 

Ei- ~ n Pi 1 0 e~ jklh £ 2 - 

(4.4.7) 

£ 1 + _ 1 e> k ' 1 ' p x e~^ E 2+ 

Ei- ~ n pie jklh e~ Jkll] £ 2 - 

The rehection responses are related by Eq. (4.4.2): 



Pi + r 2 e ~ 2jkl11 

1 + pi£ 2 e _2 ^ l/ i 



(4.4.8) 



The total electric and magnetic fields at the two interfaces are continuous across the 
interfaces and are related by Eq. (4.1.13): 




coski/i jriisinkih 
jpf 1 sinki/i coski/i 




(4.4.9) 



Eqs. (4.4.7)-(4.4.9) are valid in general, regardless of what is to the right of the second 
interface. There could be a semi-infinite uniform medium or any combination of multiple 
slabs. These equations were simplified in the single-slab case because we assumed that 
there was a uniform medium to the right and that there were no backward-moving waves. 
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For lossless media, energy conservation states that the energy flux into medium rj 1 
must equal the energy flux out of it. It is equivalent to the following relationship between 
£ and T, which can proved using Eq. (4.4.6): 



— (1 - m 1 2 ) = — in 2 ( 4 . 4 . 10 ) 

ha hb 



Thus, if we call |£i | 2 the reflectance of the slab, representing the fraction of the 
incident power that gets reflected back into medium q a , then the quantity 



(4.4.11) 

will be the transmittance of the slab, representing the fraction of the incident power that 
gets transmitted through into the right medium rj^. The presence of the factors ha, hb 
can be can be understood as follows: 




P transmitted 
P incident 



1 

2 rn 
1 

2 Pa 



2 



2 



^ in 2 

lb 



4.5 Reflectionless Slab 

The zeros of the transfer function (4.4.5) correspond to a reflectionless interface. Such 
zeros can be realized exactly only in two special cases, that is, for slabs that have either 
half -wavelength or quarter-wavelength thickness. It is evident from Eq. (4.4.5) that a 
zero will occur if pi + p 2 z~ l = 0 , which gives the condition: 

z = e 2jkih = _P2 ( 4 . 5 . 1 ) 

Pi 

Because the right-hand side is real-valued and the left-hand side has unit magnitude, 
this condition can be satisfied only in the following two cases: 

z = e 2 ^ kl/ i = p 2 = -pi, (half -wavelength thickness) 

z = e 2 ^ kl/ i = -i j p 2 = pi, (quarter-wavelength thickness) 



The first case requires that 2ki/i be an integral multiple of 2tt, that is, 2kih = 2mTt, 
where m is an integer. This gives the half -wavelength condition h = mAi/2, where Ai 
is the wavelength in medium- 1. In addition, the condition p 2 = -pi requires that: 



tlb-m _ 

= p 2 

rib + Pi 



-Pi 



ha - Pi 
ha + Pi 



ha 



hb 



that is, the media to the left and right of the slab must be the same. The second pos- 
sibility requires e 2 ^ kl/ i = _i j 0 r that 2kili be an odd multiple of tt, that is, 2kili = 
( 2 m + 1 ) tt, which translates into the quarter-wavelength condition h = ( 2 m + l)Ai/4. 
Furthermore, the condition p 2 = pi requires: 



hb ~ hi 
hb + Pi 



P 2 = Pi 



hl^ha ^ 
hi +ha 



hahb 
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To summarize, a reflectionless slab, F i = 0, can be realized only in the two cases: 

half-wave: l\ = m ^ , pi arbitrary, p a = p b 

Al (4.5.2) 

quarter-wave: h = (2m + 1) — , p i = ^PaPb , Pa, rib arbitrary 

An equivalent way of stating these conditions is to say that the optical length of 
the slab must be a half or quarter of the free- space wavelength Ao. Indeed, if ni is the 
refractive index of the slab, then its optical length is nih, and in the half -wavelength 
case we have Ui/i = UimAi /2 = mAo/ 2 , where we used Ai = Ao/fti- Similarly, we have 
nih = (2m + 1 ) Ao/4 in the quarter-wavelength case. In terms of the refractive indices, 
Eq. (4.5.2) reads: 



half-wave: 


nih 


Ao 

= m — % 


n\ arbitrary, 


n a = n b 


quarter-wave: 


nih 


= ( 2 m + l)^, 


Ml = ^/M^Mb, 


n a ,n b arbitrary 



The reflectionless matching condition can also be derived by working with wave 
impedances. For half-wavelength spacing, we have from Eq. (4.1.18) Z\ = Zz = p b - The 
condition Ti = 0 requires Z\ = p a , thus, matching occurs if p a = Pb- Similarly, for the 
quarter-wavelength case, we have Z\ = p\l Z 2 = p\lpb = Pa- 

We emphasize that the reflectionless response T 1 = 0 is obtained only at certain slab 
widths (half- or quarter- wavelength), or equivalently, at certain operating frequencies. 
These operating frequencies correspond to coT = 2mn, or, coT = (2m + 1)tt, that is, 
co = 2 mn/T = mcoo, or, co = (2m + 1) coq/2, where we defined coo = 2tt/T. 

The dependence on l\ or co can be seen from Eq. (4.4.5). For the half-wavelength 
case, we substitute pz = -pi and for the quarter-wavelength case, pz = Pi- Then, the 
reflection transfer functions become: 



where z = e 2 ^ kxlx 



Fi (z) 
Fi{z) 



Pi(l -z 1 ) 

1 - p\z~ l 

Pl(l + z 1 ) 
1 + p\z~ l 



(half-wave) 

(quarter-wave) 



(4.5.4) 



jYie magnitude-square responses then take the form: 



, r 1 2 = 2pf (l ~ cos(2kj/i) ) 

1 1 - 2 p\ cos(2ki/i) 

2 = 2 p\ (l + cos(2k 1 /i) ) 

1 1 + 2 p\ cos(2ki/i) +p\ 



2 p\ (1 - cos coT) 

1 - 2p[ cos coT + p\ ’ 

2 p\ (1 + cos coT) 

1 + 2 p\ cos coT + p\ ’ 



(half-wave) 

(4.5.5) 

(quarter-wave) 



These expressions are periodic in l\ with period Ai / 2, and periodic in co with period 
coo = 2tt/T. In DSP language, the slab acts as a digital filter with sampling frequency 
coo- The maximum reflectivity occurs at z = -1 and z = 1 for the half- and quarter- 
wavelength cases. The maximum squared responses are in either case: 
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lAI 



2 

max 



4 p\ 

(1 +p \) 2 



Fig. 4.5.1 shows the magnitude responses for the three values of the reflection co- 
efficient: | pi ! = 0.9, 0.7, and 0.5. The closer pi is to unity, the narrower are the reflec- 
tionless notches. 





Fig. 4.5.1 Reflection responses |r(co)| 2 . (a) |pi| = 0.9, (b) \pi \ = 0.7, (c) \pi\ = 0.5. 



It is evident from these figures that for the same value of pi, the half- and quarter- 
wavelength cases have the same notch widths. A standard measure for the width is 
the 3-dB width, which for the half -wavelength case is twice the 3-dB frequency CO3, that 
is, Aco = 2 o) 3 , as shown in Fig. 4.5.1 for the case |pi| = 0.5. The frequency CO 3 is 
determined by the 3-dB half-power condition: 

l-T 1 (<x> 3 ) | 2 = | lAI^ 



or, equivalently: 



2 p\ (1 — cos co 3 T) _ 1 4 p\ 

1 - 2 plcos CO 3 T + pf 2 (1 + P 1) 2 



Solving for the quantity cos 00 3 T = cos(AcoT 12), we find: 



,AooT , 
cos(— — ) = 



2 P\ 



■Pi 



,A<joT, 1 ~ Pi 
tan ) = 

4 1 + P 1 



(4.5.6) 



If p\ is very near unity, then 1 - p\ and Aco become small, and we may use the 
approximation tanx ^ x to get: 



AcoT 1 -pi 1 - Pi 
4 * 1 + p\ m 2 



which gives the approximation: 
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AcoT = 2(1 -pi) (4.5.7) 

This is a standard approximation for digital filters relating the 3-dB width of a pole 
peak to the radius of the pole [52]. For any desired value of the bandwidth Aco, Eq. (4.5.6) 
or (4.5.7) may be thought of as a design condition that determines p\. 

Fig. 4.5.2 shows the corresponding transmittances 1 - \Ti(c o) | 2 of the slabs. The 
transmission response acts as a periodic bandpass filter. This is the simplest exam- 
ple of a so-called Fabry-Perot interference filter or Fabry-Perot resonator. Such filters 
find application in the spectroscopic analysis of materials. We discuss them further in 
Chap. 5. 





Fig. 4.5.2 Transmittance of half- and quarter-wavelength dielectric slab. 



Using Eq. (4.5.5), we may express the frequency response of the half-wavelength 
transmittance filter in the following equivalent forms: 



i - |r 2 (co) | 2 = 



0 -pyy 



1 - 2p[ cos ooT + pf 1 + ^sin 2 (coT/2) 
where the J is called the finesse in the Fabry-Perot context and is defined by: 



(4.5.8) 



J = 



2P? 



(1 - P\) 2 



The finesse is a measure of the peak width, with larger values of J corresponding 
to narrower peaks. The connection of J to the 3-dB width (4.5.6) is easily found to be: 



tan( 



AcoT , 
4 ’ 



1-Pi 

1 +P 2 i 



1 

V2TJ 



(4.5.9) 



Quarter-wavelength slabs may be used to design anti-reflection coatings for lenses, 
so that all incident light on a lens gets through. Half -wavelength slabs, which require that 
the medium be the same on either side of the slab, maybe used in designing radar domes 
(radomes) protecting microwave antennas, so that the radiated signal from the antenna 
goes through the radome wall without getting reflected back towards the antenna. 
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Example 4.5.1: Determine the reflection coefficients of half- and quarter-wave slabs that do not 
necessarily satisfy the impedance conditions of Eq. (4.5.2). 

Solution: The reflection response is given in general by Eq. (4.4.6). For the half -wavelength case, 
we have e 2jkl/l = 1 and we obtain: 

m - n a + rib - m 

r _ Pi + P 2 = m + ria rib + tli = rib ~ rj a = n a - n b 
1 I + P 1 P 2 l+ r h-riarib- 1 li ri b + ria n a + n b 
Hi + ri a rib + Hi 

This is the same as if the slab were absent. For this reason, half-wavelength slabs are 
sometimes referred to as absentee layers. Similarly, in the quarter-wavelength case, we 
have e 2jklJl = -1 and find: 

ri = Pi ~ P 2 = nl - riarib = n a n b - n\ 

1 I-P 1 P 2 nl + riatlb n a n b + nl 

The slab becomes reflectionless if the conditions (4.5.2) are satisfied. □ 

Example 4.5.2: Antireflection Coating. Determine the refractive index of a quarter-wave antire- 
flection coating on a glass substrate with index 1.5. 

Solution: From Eq. (4.5.3), we have with n a = 1 and n b = 1.5: 



ni = ^n a n b = Vl.5 = 1.22 



The closest refractive index that can be obtained is that of cryolite (Na 3 AlF 6 ) with m = 
1.35 and magnesium fluoride (MgF 2 ) with ni = 1.38. Magnesium fluoride is usually pre- 
ferred because of its durability. Such a slab will have a reflection coefficient as given by 
the previous example: 

Fi = Pi — P2 = nl - qgijb = riaiy, - nj = 1.5 - 1.38 2 = _ Q ug 
1 I-P 1 P 2 n 2 i + HaHh n a rib + n\ 1.5 + 1.38 2 

with reflectance |T| 2 = 0.014, or 1.4 percent. This is to be compared to the 4 percent 
reflectance of uncoated glass that we determined in Example 4.3.1. 

Fig. 4.5.3 shows the reflectance |T(A) | 2 as a function of the free-space wavelength A. The 
reflectance remains less than one or two percent in the two cases, over almost the entire 
visible spectrum. 

The slabs were designed to have quarter-wavelength thickness at A 0 = 550 nm, that is, the 
optical length was ni/i = Ao / 4, resulting in U = 112.71 nm and 99.64 nm in the two cases 
of ni = 1.22 and m = 1.38. Such extremely thin dielectric films are fabricated by means 
of a thermal evaporation process [199,201]. 

The MATLAB code used to generate this example was as follows: 



n = [1, 1.22, 1.50]; L = 1/4; 
lambda = linspace(400,700,101) / 550; 
Gammal = multidiel (n , L, lambda); 



refractive indices and optical length 
visible spectrum wavelengths 
reflection response of slab 
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Antireflection Coating on Glass 




A (nm) 



Fig. 4.5.3 Reflectance over the visible spectrum. 



The syntax and use of the function multidiel is discussed in Sec. 5.1. The dependence 
of r on A comes through the quantity kill = 2tt(ui/i)/A. Since nih = A 0 /4, we have 
kih = 0.57tA 0 /A. □ 

Example 4.5.3: Thick Glasses. Interference phenomena, such as those arising from the mul- 
tiple reflections within a slab, are not observed if the slabs are “thick” (compared to the 
wavelength.) For example, typical glass windows seem perfectly transparent. 

If one had a glass plate of thickness, say, of / = 1.5 mm and index n = 1.5, it would have 
optical length nl = 1.5x1. 5 = 2.25 mm = 225xl0 4 nm. At an operating wavelength 
of A 0 = 450 nm, the glass plate would act as a half-wave transparent slab with nl = 
10 4 (A 0 /2), that is, 10 4 half-wavelengths long. 

Such plate would be very difficult to construct as it would require that / be built with 
an accuracy of a few percent of A 0 /2. For example, assuming n(Al) = 0.01 (A 0 /2), the 
plate should be constructed with an accuracy of one part in a million: Al/l = nAH (nl) = 
0.01 /10 4 = 10 -6 . (That is why thin films are constructed by a carefully controlled evapo- 
ration process.) 

More realistically, a typical glass plate can be constructed with an accuracy of one part in a 
thousand, Al/l = 10 -3 , which would mean that within the manufacturing uncertainty Al, 
there would still be ten half -wavelengths, nAA = 10“ 3 (nl) = 10(A 0 /2). 

The overall power reflection response will be obtained by averaging \Ti\ 2 over several A 0 / 2 
cycles, such as the above ten. Because of periodicity, the average of \Ti \ 2 over several cycles 
is the same as the average over one cycle, that is, 

| r^o 

IAI 2 = — ir, (co) 

COo Jo 

where coo = 2tt/T and T is the two-way travel-time delay. Using either of the two expres- 
sions in Eq. (4.5.5), this integral can be done exactly resulting in the average reflectance 
and transmittance: 
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where we used pi = (1 - n) / (1 + n). This explains why glass windows do not exhibit a 
frequency-selective behavior as predicted by Eq. (4.5.5). For n = 1.5, we find 1 - IAI 2 = 
0.9231, that is, 92.31% of the incident light is transmitted through the plate. 

The same expressions for the average reflectance and transmittance can be obtained by 
summing incoherently all the multiple reflections within the slab, that is, summing the 
multiple reflections of power instead of field amplitudes. The timing diagram for such 
multiple reflections is shown in Fig. 4.6.1. 

Indeed, if we denote by p r = p\ and p t = 1 - p r = 1 - Pi, the power reflection and trans- 
mission coefficients, then the first reflection of power will be p r . The power transmitted 
through the left interface will be p t and through the second interface p 2 (assuming the 
same medium to the right.) The reflected power at the second interface will be p t p r and 
will come back and transmit through the left interface giving PtPr- 

Similarly, after a second round trip, the reflected power will be p 2 p 3 , while the transmitted 
power to the right of the second interface will be p\p\, and so on. Summing up all the 
reflected powers to the left and those transmitted to the right, we find: 



I A | 2 = p r + PtPr + PtPr + PtPr + ■ ■ ■ = p r + 



1 - |AI 2 = pf + pfPr + PtPr + 



Pt = 1 ~ Pr 
1 ~Pr 1 +Pr 



2p r 

l+Pr 



where we used p t = 1 - p r . These are equivalent to Eqs. (4.5.10). 



□ 



Example 4.5.4: Radomes. A radome protecting a microwave transmitter has e = 4eo and is 
designed as a half-wavelength reflectionless slab at the operating frequency of 10 GHz. 
Determine its thickness. 

Next, suppose that the operating frequency is 1% off its nominal value of 10 GHz. Calculate 
the percentage of reflected power back towards the transmitting antenna. 

Determine the operating bandwidth as that frequency interval about the 10 GHz operating 
frequency within which the reflected power remains at least 30 dB below the incident 
power. 

Solution: The free-space wavelength is A 0 = Co/fo = 30 GHz cm/ 10 GHz = 3 cm. The refractive 
index of the slab is n = 2 and the wavelength inside it, A x = Ao In = 3/2 = 1.5 cm. Thus, 
the slab thickness will be the half -wavelength li = Ai/2 = 0.75 cm, or any other integral 
multiple of this. 

Assume now that the operating frequency is co = co 0 + <5co, where co 0 = 2nf 0 = 2 tt/T. 
Denoting 6 = dco/coo, we can write co = coo(l + 5). The numerical value of 6 is very 
small, 5 = 1% = 0.01. Therefore, we can do a first-order calculation in 5. The reflection 
coefficient p i and reflection response T are: 



g-g o = o.5 - 1 = _i 
g + po 0.5 + 1 3 



Ti(co) = 



pid -z *) 
1 - p\z~ l 



Pl( l- e -jW) 

1 - p\e~J 107 



where we used g = g 0 /n = go/2. Noting that coT = co 0 E(l + <5)= 2 tt (1 + <5), we can 
expand the delay exponential to first-order in <5: 



z -i = e~ jwT = e - 2nj(1+5) = e~ 2nj e~ 27Tj6 = e~ 2jTj5 - 1 - 2nj5 
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Thus, the reflection response becomes to first-order in <5: 

r _ Pi(l - (1 - 2nj5)) = pi2nj6 _ Pi2nj5 
1 _ 1 - p\ (1 - 2nj5) 1 - pi + p\2TTj5 ~ 1 -p\ 

where we replaced the denominator by its zeroth-order approximation because the numer- 
ator is already first-order in <5. It follows that the power reflection response will be: 

2 pI(2ttS) 2 

|ri1 = F# 

Evaluating this expression for <5 = 0.01 and p\ = -1/3, we find |T| 2 = 0.00049, or 
0.049 percent of the incident power gets reflected. Next, we find the frequency about 
coo at which the reflected power is A = 30 dB below the incident power. Writing again, 
co = coo + 6co = coo (1 + 5) and assuming <5 is small, we have the condition: 

I A I 2 = ^ (27T 1 ) 2 = ^ = 10 - A/I ° =» S = ^A io- A/2 ° 

(1 P\) ^inc 2Tr|pi| 

Evaluating this expression, we find 5 = 0.0134, or <5co = 0.0134coo- The bandwidth will 
be twice that, A to = 2 5 to = 0.0268coo, or in Hz, Af = 0.0268/o = 268 MHz. □ 

Example 4.5.5: Because of manufacturing imperfections, suppose that the actual constructed 
thickness of the above radome is 1% off the desired half -wavelength thickness. Determine 
the percentage of reflected power in this case. 

Solution: This is essentially the same as the previous example. Indeed, the quantity 0 = coT = 
2kih = 2co/i/ci can change either because of co or because of b. A simultaneous in- 
finitesimal change (about the nominal value 0 o = tOoT = 2tt) will give: 

66 = 2{6u))h/c 1 + 2u) 0 (6h)/ci => 5=^ = — + S ik 

00 O) 0 Zi 

In the previous example, we varied co while keeping /i constant. Here, we vary Zi , while 
keeping co constant, so that 5 = Thus, we have 50 = 0o 5 = 2tt5. The correspond- 

ing delay factor becomes approximately z -1 = e~ je = g - fi 2TT+<50) = i - j50 = 1 - 2nj5. 
The resulting expression for the power reflection response is identical to the above and its 
numerical value is the same if <5 = 0.01. □ 

Example 4.5.6: Because of weather conditions, suppose that the characteristic impedance of 
the medium outside the above radome is 1% off the impedance inside. Calculate the per- 
centage of reflected power in this case. 

Solution: Suppose that the outside impedance changes to Pb = P o + <5fl. The wave impedance 
at the outer interface will be Z 2 = Pb = Po + dp. Because the slab length is still a half- 
wavelength, the wave impedance at the inner interface will be Zi = Z 2 = po + 5p. It 

follows that the reflection response will be: 

r = Zi - po = po + 5p - po = 5p ~ 5p_ 

1 Z\ + po p 0 + 5p + po 2p 0 + 5p 2p 0 

where we replaced the denominator by its zeroth-order approximation in dp. Evaluating 
at 5p/p 0 = 1% = 0.01, we find A = 0.005, which leads to a reflected power of IIZI 2 = 
2. 5xlO -5 , or, 0.0025 percent. □ 
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4.6 Time-Domain Reflection Response 



We conclude our discussion of the single slab by trying to understand its behavior in 
the time domain. The z-domain reflection transfer function of Eq. (4.4.5) incorporates 
the effect of all multiple reflections that are set up within the slab as the wave bounces 
back and forth at the left and right interfaces. Expanding Eq. (4.4.5) in a partial fraction 
expansion and then in power series in z _1 gives: 



fi (z) = 



Pl + P2Z 1 

1 +P 1 P 2 Z - 1 



1 

Pl 



1 0 ~pj) 

Pl 1 +P 1 P 2 Z - 1 



= pi + Z 0 - Pi) (-pi)" V" z " 

n = 1 



Using the reflection coefficient from the right of the first interface, p[ = -pi, and the 
transmission coefficients Ti = 1 + pi and t[ = 1 + p[ = 1 - pi, we have tit ^ = 1 - p\. 
Then, the above power series can be written as a function of frequency in the form: 



ri(a>)= Pi + Z TitKpD" V2 z " 

n = 1 



Pl + Z titJ (pj) n V”e JwnT 

n = 1 



where we set z 1 = e ^ wT . It follows that the time-domain reflection impulse response, 
that is, the inverse Fourier transform of Ti (co) , will be the sum of discrete impulses: 



U(f)= Pi<5(f)+ Z t i t KpD" 1 p"5(f-nr ) (4.6.1) 

n= 1 

This is the response of the slab to a forward-moving impulse striking the left inter- 
face at f = 0, that is, the response to the input E\+ (f)= d(f). The first term pi5(t) is the 
impulse immediately reflected at f = 0 with the reflection coefficient p 1 . The remaining 
terms represent the multiple reflections within the slab. Fig. 4.6.1 is a timing diagram 
that traces the reflected and transmitted impulses at the first and second interfaces. 




t 2 t 



1 



T 2 T lP2Pl 



T 2 T lPlP[ 2 



Fig. 4.6.1 Multiple reflections building up the reflection and transmission responses. 

The input pulse 5 (f) gets transmitted to the inside of the left interface and picks up 
a transmission coefficient factor Ti . In 77 2 seconds this pulse strikes the right interface 




108 



Electromagnetic Waves & Antennas - S. J. Orfanidis - June 2 1 , 2004 



and causes a reflected wave whose amplitude is changed by the reflection coefficient p 2 
into t 1 P 2 ■ 

Thus, the pulse Tip2(5(f - 772) gets reflected backwards and will arrive at the left 
interface 772 seconds later, that is, at time t = T. A proportion t[ of it will be transmit- 
ted through to the left, and a proportion p[ will be re-reflected towards the right. Thus, 
at time t = T, the transmitted pulse into the left medium will be TiT[p 26 (t - T) , and 
the re- reflected pulse Tip^d (f - T ) . 

The re-reflected pulse will travel forward to the right interface, arriving there at time 
t = 3772 getting reflected backwards picking up a factor p 2 . This will arrive at the left 
at time t = 2 T. The part transmitted to the left will be now TiTipip 2 d(t - 2 T), and 
the part re-reflected to the right Tip' l 2 p\5{t-2T). And so on, after the nth round trip, 
the pulse transmitted to the left will be tit[ ( pi) n_1 P2<5(f - nT ). The sum of all the 
reflected pulses will be 77 (t) of Eq. (4.6.1). 

In a similar way, we can derive the overall transmission response to the right. It is 
seen in the figure that the transmitted pulse at time f = nT+(T/2) will be Ti T2 ( pi ) n p” ■ 
Thus, the overall transmission impulse response will be: 

00 

T(t)= X TiT 2 (pi)"p" S(t- nT - 772) 

n = 0 



It follows that its Fourier transform will be: 

00 

‘T (go) = ^ TiT 2 (p' 1 ) n p 2 ^ jncvT e ~ jujT/2 

n = 0 



which sums up to Eq. (4.4.6): 



r{oo) = 



T 1 T 2 O Ja)7/2 
1 - p[p 2 e-J wT 



T 1 T 2 O Ja)7/2 
1 + pip 2 e~J wT 



(4.6.2) 



For an incident field E\ + (t) with arbitrary time dependence, the overall reflection 
response of the slab is obtained by convolving the impulse response 77 (t) with E\+ (t) . 
This follows from the linear superposition of the reflection responses of all the frequency 
components of E 1+ (f ) , that is, 



£i-(f)= [ r 1 (co)£i + (co)^ w,t ^, where E 1 + (t)= [ E 1 + (cv) e> wt 

J — 00 2 tt J — 00 2n 



Then, the convolution theorem of Fourier transforms implies that: 



f 00 dm f~°° 

Ei— (t) = r 1 (co)£ 1+ (co)e"° f — = ri(t’)Ei+(t-t')dt' (4.6.3) 

J —00 2TT J — 00 

Inserting (4.6.1), we find that the reflected wave arises from the multiple reflections 
of Ei+(t) as it travels and bounces back and forth between the two interfaces: 



£l-(f)= P 1 E 1 + (f) + X T iTj ) n V" £ l+( f - nJ ) 

n = 1 



(4.6.4) 
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For a causal waveform Ei+(t), the summation over n will be finite, such that at each 
time f > 0 only the terms that have t - nT >0 will be present. In a similar fashion, we 
find for the overall transmitted response into medium rjt : 



E' 2 + (t)= ‘T(t')E u .(t-t')dt' = X T 1 T 2 (pi) n P2£i+(r-nr-772) 

J ~°° n = 0 



(4.6.5) 



We will use similar techniques later on to determine the transient responses of trans- 
mission lines. 



4.7 Two Dielectric Slabs 

Next, we consider more than two interfaces. As we mentioned in the previous section, 
Eqs. (4.4.7)-(4.4.9) are general and can be applied to all successive interfaces. Fig. 4.7.1 
shows three interfaces separating four media. The overall reflection response can be 
calculated by successive application of Eq. (4.4.8): 

r = Pi + r 2 e~ 2jkl/l = p 2 +r 3 e- 2 ^ 

1 + PiT^c - ^ 1 ^ 1 1 1 + p 2 T 3 e~ 2 J k212 




r 2 , r 2 r 3 , r 2 



Fig. 4.7.1 Two dielectric slabs. 

If there is no backward-moving wave in the right -most medium, then T 3 = 0, which 
implies T 3 = p 3 . Substituting T 3 into T\ and denoting z\ = e 2jkl/l , Z2 = e 2 ^ 2 , we 
eventually find: 



r Pl +P2ZX +P1P2P3Z2 1 + P3Z 1 1 Z 2 1 

i 1 = zn Ti Zi — TT (4. /.I) 

1 + Pip 2 z x + P2P3Z2 + P1P3Z1 z 2 

The reflection response T 1 can alternatively be determined from the knowledge of 
the wave impedance Z\ = E1/H1 at interface-1: 

_Z l - 1 ) a 



Z\ + Pa 
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The fields Ei,Hi are obtained by successively applying Eq. (4.4.9): 



Ei " 




coski/i 


j> h sinfci/i 


‘ e 2 " 






jni 1 sinki/i 


cos kib 


_ H 2_ 



coski/i 


j> li sinkih 


cos k 2 l 2 


jn2 sin k 2 h 


‘£3 “ 


jni 1 sinki/i 


cos kill 


jni 1 Sin M 2 


cosM 2 





But at interface-3, E 3 = E' 3 = E' 3+ and H 3 = Z 3 l E 3 = q^E^, because Z 3 = qt- 
Therefore, we can obtain the belds E\,H\ by the matrix multiplication: 



~ El " 




coski/i 


jni sinki/i 


cosk 2 h 


jn2Sink 2 l 2 


1 






jni 1 sinki/i 


cosMi 


jni 1 sin k 2 h 


cos k 2 h 


_np _ 



Because Z\ is the ratio of JT and Hi, the factor E 3+ cancels out and can be set equal 
to unity. 

Example 4.7.1: Determine JT if both slabs are quarter-wavelength slabs. Repeat if both slabs 
are half -wavelength and when one is half- and the other quarter-wavelength. 

Solution: Because h = Ai/4 and l 2 = A 2 /4, we have 2kih = 2k 2 l 2 = tt, and it follows that 
Z\ = z 2 = -1. Then, Eq. (4.7.1) becomes: 

j. _ P\ ~ P2~ PlP2P3 + P3 
1 - P\P 2 ~ p 2 p3 + PlP^ 

A simpler approach is to work with wave impedances. Using Z 3 = qb, we have: 



17 I/Z 3 



nl 7 _ nl 

nl 3 nl 



Inserting this into E 1 = (Z 3 - q a ) ! (Z 1 + rj a ), we obtain: 



njrjb - nln a 
nl lb + nlna 



The two expressions for r 1 are equivalent. The input impedance Zi can also be obtained 
by matrix multiplication. Because kih = k 2 l 2 = tt/2, we have cos kiT = OandsinkiT = 1 
and the propagation matrices for Ei,Hi take the simplified form: 



Ei 1 = r 0 J17 1 1 r 0 jn> 

Hi J \_ jni 1 0 J j >7 2 1 0 




-ninz 1 
- mni ‘rfb 1 



] 



The ratio JT !H\ gives the same answer for Z\ as above. Whenboth slabs are half -wavelength, 
the impedances propagate unchanged: Z 3 = Z 2 = Z 3 , but Z 3 = r;^. 

If r/i is half- and r\ 2 quarter-wavelength, then, Z\ = Z 2 = p\lZ 3 = p 2 /rib- And, if the 
quarter-wavelength is first and the half -wavelength second, Z\ = p\lZ 2 = r/?/Z 3 = r/l/rib- 
The corresponding reflection coefficient JT is in the three cases: 



r = nb - na r = nl - nanb r = nl - Mh 

1 nb + n a ’ 1 nl + n a nb’ 1 nl + n a nb 

These expressions can also be derived by Eq. (4.7.1), or by the matrix method. □ 
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The frequency dependence of Eq. (4.7.1) arises through the factors Zi, z 2 , which can 
be written in the forms: Z\ = e ja)Tl andz 2 = e^ wTz , where JT = 2l\/C\ and T 2 = 2 / 2 /C 2 
are the two-way travel time delays through the two slabs. 

A case of particular interest arises when the slabs are designed to have the equal 
travel- time delays so that JT = JT = T. Then, defining a common variable z = z\ = 
z 2 = e^ wT , we can write the reflection response as a second-order digital filter transfer 
function: 



Pl + P2 (1 +PlP3)z 1 +p 3 Z 2 

1 + P2 ( Pl + Pl)z~ l + PlP3Z- 2 



(4.7.2) 



In the next chapter, we discuss further the properties of such higher-order reflection 
transfer functions arising from multilayer dielectric slabs. 



4.8 Reflection by a Moving Boundary 



Reflection and transmission by moving boundaries, such as reflection from a moving 
mirror, introduce Doppler shifts in the frequencies of the reflected and transmitted 
waves. Here, we look at the problem of normal incidence on a dielectric interface that 
is moving with constant velocity v perpendicularly to the interface, that is, along the 
z-direction as shown in Fig. 4.8.1. Additional examples may be found in [123-140]. The 
case of oblique incidence is discussed in Sec. 6.8. 



x 



► 

S z 

stationary frame 



x' 



E r 

Ei 



4 k r 


moving dielectric 

Z7 




k* 


kt ‘ 


S' 


z' 






— V 




e 0 


e 





Fig. 4.8.1 Reflection and transmission at a moving boundary. 

The dielectric is assumed to be non-magnetic and lossless with permittivity e. The 
left medium is free space Co- The electric field is assumed to be in the x-direction and 
thus, the magnetic field will be in they-direction. We consider two coordinate frames, the 
fixed frame S with coordinates { t, x,y,z}, and the moving frame S' with {f',x',y',z'}- 
The two sets of coordinates are related by the Lorentz transformation equations (G.l) 
of Appendix G. 

We are interested in determining the Doppler-shifted frequencies of the reflected and 
transmitted waves, as well as the reflection and transmission coefficients as measured 
in the fixed frame S. 
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The procedure for solving this type of problem— originally suggested by Einstein 
in his 1905 special relativity paper [123]— is to solve the reflection and transmission 
problem in the moving frame S' with respect to which the boundary is at rest, and 
then transform the results back to the fixed frame S using the Lorentz transformation 
properties of the fields. In the fixed frame S, the fields to the left and right of the 
interface will have the forms: 



E x = EieJ (wt ~ kiZ) + E r e j{Wrt+krZ) 
H y = Hiej {wt - kiZ) - H r e j{Wrt+krZ 



where co, co r , co t and ki,k r ,k t are the frequencies and wavenumbers of the incident, 
reflected, and transmitted waves measured in S. Because of Lorentz invariance, the 
propagation phases remain unchanged in the frames S and S', that is, 



<t>i = cot - kjZ = co't' - k[z' = 

fir = co r t + k r z = co't' + k' r z' = <fi' r (4.8.2) 

< fit = co t t - k,z = co't' - k' t z' = <fi' t 



In the frame S' where the dielectric is at rest, all three frequencies are the same 
and set equal to co'. This is a consequence of the usual tangential boundary conditions 
applied to the interface at rest. Note that <fi r can be written as <fi r = co r t - (~k r )z 
implying that the reflected wave is propagating in the negative z-direction. In the rest 
frame S' of the boundary, the wavenumbers are: 

7 , co' 7 r co' 7 r , , co' 0 . 

ki = — , k r = — , k t = co Jeu () = n — (4.8.3) 

c c c 



where c is the speed of light in vacuum and n = yje/e o is the refractive index of the 
dielectric at rest. The frequencies and wavenumbers in the fixed frame S are related 
to those in S' by applying the Lorentz transformation of Eq. (G.14) to the frequency- 
wavenumber four-vectors (cole, 0, 0, ki), (co r /c, 0, 0, -k r ), and ( co t /c,0,0,k t ): 



co = y(co' + i 8ck-)= co'y( 1 + fi) 
k, = y(k’i + ~ cv') = ^-y( 1 + jS) 
io r = y{w’ + pc(-k'r)) = a/y (1 - j?) 
-k r = y(-k' r + ^a>')= -^-y(l - ft) 
w t = y(a/ + fick' t )= «/y( 1 + f}n) 
k t = y(k' t + ^ iv')= yrY( n + P) 



(4.8.4) 



where fi = v/c and y = l/yjl - fi 2 . Eliminating the primed quantities, we obtain the 
Doppler-shifted frequencies of the reflected and transmitted waves: 




co 



(4.8.5) 
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The phase velocities of the incident, reflected, and transmitted waves are: 

CO C Or co t l + fin /A n 

Vi= — =C, Vr = 7 = c, V, = 7 = c — (4.8.6) 

ki k r k t n + fi 

These can also be derived by applying Einstein’s velocity addition theorem of Eq. (G.8). 
For example, we have for the transmitted wave: 

_ Vd + v _ c/n + v _ 1 + j Bn 

Vf 1 +VdV/c 2 1 + (cln)vlc 2 C n + fi 

where Vd = c/n is the phase velocity within the dielectric at rest. To first-order in 
fi = v/c, the phase velocity within the moving dielectric becomes: 

1+fin c / 1\ 

v f = c — ^ - + v 1 ^ 

n + fi n \ n 2 J 

The second term is known as the “Fresnel drag.” The quantity n t = (n + fi) / (1 + fin) 
maybe thought of as the “effective” refractive index of the moving dielectric as measured 
in the fixed system S. 

Next, we derive the reflection and transmission coefficients. In the rest-frame S' of 
the dielectric, the fields have the usual forms derived earlier in Sections 4.1 and 4.2: 

f E' = E'Ae^'i + pefVr) f E' = rE\c^ 

ieft j , 1 right] r 1 (4.8.7) 

H' = — E (e j4, i - pe l,p ' ) \ H' = -tE 



E'tie* 


+ pe J 


f 0r) 


—E[ 


{e i *‘ - 


p e J$'r ) 


no 




no 


P= 1 


-no _ 


n 


p n 


+ no 



17 = —, p=- — = , t = 1 + p= 

n V + H o 1 + ft 1 + n 

The primed fields can be transformed to the fixed frame S using the inverse of the 
Lorentz transformation equations (G.31), that is, 

E x = Y(E'x + PcB'y) = y(E' x + firioH'y) 

, , , , (4.8.8) 

H y = y (H y + cfiD' x )= y(H y + cfieE' x ) 

where we replaced B' y = idoH' y , epo = t/o, and D' x = eE' x (of course, e = Co in the left 
medium). Using the invariance of the propagation phases, we find for the fields at the 
left side of the interface: 

E x = y[Ej(e J<l, i + pert^+PE'derti -pd*')] = £,^[(1 + 0)^' +p(l -0)e^] ( 4 . 8 . 9 ) 

Similarly, for the right side of the interface we use the property r/o/r/ = n to get: 

Ex = y[T£ z V'^ f + finrE'^^ 1 ] = yrE • (1 + (4.8.10) 

Comparing these with Eq. (4.8.1), we find the incident, reflected, and transmitted 
electric held amplitudes: 



E i = yE' i (l + fi), E r = pyE\( 1-/3), E t = ryE' { (1 + fin) 



(4.8.11) 
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from which we obtain the reflection and transmission coefficients in the fixed frame S\ 



E r 1 -15 




E{ 1 + fin 


Ei P l + p 


’ 


Ei~ T 1 + 0 



The case of a perfect mirror is also covered by these expressions by setting p = - 1 
and t = 0. Eq. (4.8.5) is widely used in Doppler radar applications. Typically, the 
boundary (the target) is moving at non-relativistic speeds so that = v/c <<c 1. In such 
case, the first-order approximation of (4.8.5) is adequate: 

fr-m — 2/?)=f(l — 2p => Y = ~ 2 \ (4 - 8J3) 

where Af = f r - f is the Doppler shift. The negative sign means that f r < f if the target 
is receding away from the source of the wave, and f r > f if it is approaching the source. 

As we mentioned in Sec. 2.1 1, if the source of the wave is moving with velocity v a and 
the target with velocity v b (with respect to a common fixed frame, such as the ground), 
then one must use the relative velocity v = v b - v a in the above expression: 



Af = fr-f = ? Va ~ Vfe 

f f c 




Va 




(4.8.14) 



4.9 Problems 



" E + " 


1 


1 P 


~E' + 1 


E _ 


T 


_P 1 _ 


E'_ 



z = z' 



r = 



4.1 Fill in the details of the equivalence between Eq. (4.2.2) and (4.2.3), that is : 

E+ + E- = E + + E _ 

-(E+-E-) = y (E'+ - EL) 
rj rj' 

4.2 Fill in the details of the equivalences stated in Eq. (4.2.9), that is, 

p + r » r' = p ' +r 

1 + pE' 1 + p'T 

Show that if there is no left-incident field from the right, then E = p, and if there is no 
right-incident field from the left, then, r' = 1 lp r . Explain the asymmetry of the two cases. 

4.3 Let p, t be the reflection and transmission coefficients from the left side of an interface and 
let p r , t' be those from the right, as defined in Eq. (4.2.5). One of the two media may be 
lossy, and therefore, its characteristic impedance and hence p, t may be complex- valued. 
Show and interpret the relationships: 

1 - |p | 2 = Re(^) lr| 2 = Re(T*T) 

4.4 Show that the reflection and transmission responses of the single dielectric slab of Fig. 4.4.1 
are given by Eq. (4.4.6), that is, 

-Zjklll p' ~r- p~jk\l\ 



r = 



Pi + Pze 



rf = £2+ = T 1 t 2^ 

Ei+ 1 + pip 2 e~ 2 J kl11 



1 + piP2e~ 2jklh 

Moreover, using these expressions show and interpret the relationship: 

— (i - in 2 ) = — it? 

la nt 
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4.5 A 1-GHz plane wave is incident normally onto a thick copper plate (cr = 5.8xl0 7 S/m.) Can 
the plate be considered to be a good conductor at this frequency? Calculate the percentage 
of the incident power that enters the plate. Calculate the attenuation coefficient within the 
conductor and express it in units of dB/m. What is the penetration depth in mm? 

4.6 With the help of Fig. 4.5.1, argue that the 3-dB width Aco is related to the 3-dB frequency 
co 3 by A co = 2 cc >3 and Aco = coo - 2 cc> 3 , in the cases of half- and quarter-wavelength slabs. 
Then, show that 0)3 and Aco are given by: 



COS CO3T = 



2pl 

1 + P1 ’ 



tan 



m 



1-Pi 
1 + pf 



4.7 A fiberglass (e = 4e 0 ) radome protecting a microwave antenna is designed as a half-wavelength 
reflectionless slab at the operating frequency of 12 GHz. 



a. Determine three possible thicknesses (in cm) for this radome. 

b. Determine the 15-dB and 30-dB bandwidths in GHz about the 12 GHz operating fre- 
quency , defined as the widths over which the reflected power is 15 or 30 dB below the 
incident power. 



4.8 A 5 GHz wave is normally incident from air onto a dielectric slab of thickness of 1 cm and 
refractive index of 1.5, as shown below. The medium to the right of the slab has an index of 
2.25. 

a. Write an analytical expression of the reflectance \T(f) | 2 as a function of frequency 
and sketch it versus f over the interval 0 < f < 15 GHz. What is the value of the 
reflectance at 5 GHz? 

b. Next, the 1-cm slab is moved to the left by a distance of 3 cm, creating an air-gap 
between it and the rightmost dielectric. Repeat all the questions of part (a). 

c. Repeat part (a), if the slab thickness is 2 cm. 



e o 


Cl 


e 2 E 0 






e 2 


1 — ► 




1 ► 








r+— 




r+— 
















3 cm 





lcm 1 cm 



4.9 Consider a two-layer dielectric structure as shown in Fig. 4.7.1, and let n a ,ni,n 2 , n b be the 
refractive indices of the four media. Consider the four cases: (a) both layers are quarter- 
wave, (b) both layers are half-wave, (c) layer - 1 is quarter- and layer -2 half-wave, and (d) layer - 1 
is half- and layer-2 quarter-wave. Show that the reflection coefficient at interface- 1 is given 
by the following expressions in the four cases: 



n a n\ - n h n\ ^ = n a - n b ^ = n a n h - n\ ^ = n a n b - n\ 

n a n\ + n b n\ ’ 1 n a + n b ' 1 n a n b + n\ ’ 1 n a n b + n\ 



4.10 Consider the lossless two-slab structure of Fig. 4.7.1. Write down all the transfer matrices 
relating the fields E z± , i = 1,2,3 at the left sides of the three interfaces. Then, show the 
energy conservation equations: 



— (|£ 1+ | 2 - IT,? 2 ) = — (|£ 2+ l 2 -|£2-l 2 ) 

Pa Pi 



— (|£ 3+ l 2 - l£ 3 -l 2 ) = — \E' 1+ \ 2 

P 2 Pb 
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4.11 An alternative way of representing the propagation relationship Eq. (4. 1 . 1 2) is in terms of the 
hyperbolic w-plane variable defined in terms of the reflection coefficient T, or equivalently, 
the wave impedance Z as follows: 

r = e~ 2w <=> Z = qcoth(w) (4.9.1) 

Show the equivalence of these expressions. Writing E\ = e~ 2wi and r 2 = e~ 2w2 , show that 
Eq. (4.1.12) becomes equivalent to: 

Wi = w 2 + jkl (propagation in w-domain) (4.9.2) 

This form is essentially the mathematical (as opposed to graphical) version of the Smith 
chart and is particularly useful for numerical computations using MATLAB. 

4.12 A fighter plane flying at a speed of 900 km/hr with respect to the ground is closing in on 
a target aircraft. The fighter’s Doppler radar, operating at the X-band frequency of 10 GHz, 
detects a positive Doppler shift of 2 kHz in the return frequency. Determine the speed of 
the target with respect to the ground. [Ans. 792 km/hr.] 

4.13 The complete set of Lorentz transformations of the fields in Eq. (4.8.8) is as follows (see also 
Eq. (G.31) of Appendix G): 

E x = y(E' x + PcB'y), Hy = y(H' y + cfiD'x), D x = y(D'x+- c Wy), B y = y(B' y + ^E' x ) 

The constitutive relations in the rest frame S' of the moving dielectric are the usual ones, that 
is, B' y = (xH'y and D' x = eE' x . By eliminating the primed quantities in terms of the unprimed 
ones, show that the constitutive relations have the following form in the fixed system S: 

„ (1 - P 2 )eE x - (n 2 - l)Hylc n (1 - P 2 )nH y - (n 2 - l)E x /c 

UX ~ 1-/J2H* ’ By ~ 1-PW 



where n is the refractive index of the moving medium, n = Show that for free 

space, the constitutuve relations remain the same as in the frame S'. 




5 



Multilayer Structures 



Higher-order transfer functions of the type of Eq. (4.7.2) can achieve broader reflection- 
less notches and are used in the design of thin-hlm antireflection coatings, dielectric 
mirrors, and optical interference filters [199-261,319-352], and in the design of broad- 
band terminations of transmission lines [387-397]. 

They are also used in the analysis, synthesis, and simulation of fiber Bragg gratings 
[353-373], in the design of narrow-band transmission biters for wavelength-division 
multiplexing (WDM), and in other bber-optic signal processing systems [383-386]. 

They are used routinely in making acoustic tube models for the analysis and synthe- 
sis of speech, with the layer recursions being mathematically equivalent to the Levinson 
lattice recursions of linear prediction [398-404]. The layer recursions are also used in 
speech recognition, disguised as the Schur algorithm. 

They also bnd application in geophysical deconvolution and inverse scattering prob- 
lems for oil exploration [405-414]. 

The layer recursions— known as the Schur recursions in this context— are intimately 
connected to the mathematical theory of lossless bounded real functions in the z-plane 
and positive real functions in the 5-plane and bnd application in network analysis, syn- 
thesis, and stability [418-432]. 



5.1 Multiple Dielectric Slabs 



The general case of arbitrary number of dielectric slabs of arbitrary thicknesses is shown 
in Fig. 5.1.1. There are M slabs, M + 1 interfaces, and M + 2 dielectric media, including 
the left and right semi-inbnite media ri a and rib- 

The incident and rebected belds are considered at the left of each interface. The 
overall rebection response, r i = Ei-/Ei+, can be obtained recursively in a variety of 
ways, such as by the propagation matrices, the propagation of the impedances at the 
interfaces, or the propagation of the rebection responses. 

The elementary rebection coefficients pi from the left of each interface are debned 
in terms of the characteristic impedances or refractive indices as follows: 



Pi = 



m ~ Pi - i 
Pi + Pi - 1 



rij - 1 - rij 
Ui-i + rit ’ 



i = 1,2 ,...,M + 1 



(5.1.1) 
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Fig. 5 . 1.1 Multilayer dielectric slab structure. 



where r/ z = r/o /«/, and we must use the convention n 0 = n a and Um+ i = Kb, so that 
Pi = (n a ~ rii) / (n a + rii) and Pm+i = (zim - rib) I {um + rib). The forward/backward 
belds at the left of interface z are related to those at the left of interface z + 1 by: 



‘ E l+ * 


1 


e jkih 


pie J kili 


Ei+ 1 ,+ 


Et- 


Tf 


p t eJ kili 


g-jkih 


Ei+i- 



i = M,M — 



(5.1.2) 



where t z = 1 + p z and k z 7 z is the phase thickness of the zth slab, which can be expressed 
in terms of its optical thickness n z 7 z and the operating free-space wavelength by k z 7 z = 
2 tt(ti z 7 z ) / A. Assuming no backward waves in the right-most medium, these recursions 
are initialized at the (M + l)st interface as follows: 



Em+ 1 ,+ 


1 


1 


Pm+i 


e m+i,+ 


1 


1 


Em + 1 


Tm +1 


Pm+i 


1 


0 


Tm +1 


PM+I 



It follows that the rebection responses 77 = 77_ /£/+ will satisfy the recursions: 



Pi +r, + le-W' 

1 + piEi+ie~ 2 J kili 



i = M,M - !,...,! 



(5.1.3) 



and initialized by 77vf+i = Pm+ i- Similarly the recursions for the total electric and 
magnetic belds, which are continuous across each interface, are given by: 



Ei 

Hi 



cos kiU 


jrii sink,/. 


Ei + 1 


Jli 1 sink,/; 


cos kjlj 


Hj+i 



(5.1.4) 



and initialized at the (M + l)st interface as follows: 



Em + 1 




1 


Hm+i 




-ib 1 _ 



It follows that the impedances at the interfaces, Z z = 77777/, satisfy the recursions: 
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i = M,M- 1 1 (5.1.5) 

and initialized by Zm+ i = rib- The objective of all these recursions is to obtain the 
overall reflection response F i into medium r/ a . 

The MATLAB function multidiel implements the recursions (5.1.3) for such a multi- 
dielectric structure and evaluates F i and Z\ at any desired set of free-space wavelengths. 
Its usage is as follows: 

[Gammal , Zl] = mul ti di el (n , L , 1 ambda) ; % multilayer dielectric structure 

where n,L are the vectors of refractive indices of the M + 2 media and the optical 
thicknesses of the M slabs, that is, in the notation of Fig. 5.1.1: 

n = [na,ni,n 2 ,...,n M ,n b ], L = [nih, n 2 l 2 , ■ ■ ■ , 

and A is a vector of free-space wavelengths at which to evaluate T i . Both the optical 
lengths L and the wavelengths A are in units of some desired reference wavelength, say 
Ao, typically chosen at the center of the desired band. The usage of multidiel was 
illustrated in Example 4.5.2. Additional examples are given in the next sections. 

The layer recursions (5.1.2)-(5.1.5) remain essentially unchanged in the case of oblique 
incidence (with appropriate redefinitions of the impedances q z ) and are discussed in 
Chap. 6. 

Next, we apply the layer recursions to the analysis and design of antireflection coat- 
ings and dielectric mirrors. 

5.2 Antireflection Coatings 

The simplest example of antireflection coating is the quarter-wavelength layer discussed 
in Example 4.5.2. Its primary drawback is that it requires the layer’s refractive index to 
satisfy the reflectionless condition rii = j n a n b . 

For a typical glass substrate with index n b = 1.50, we have rii = 1.22. Materials with 
rii near this value, such as magnesium fluoride with rii = 1.38, will result into some, 
but minimized, reflection compared to the uncoated glass case, as we saw in Example 
4.5.2. 

The use of multiple layers can improve the reflectionless properties of the single 
quarter-wavelength layer, while allowing the use of real materials. In this section, we 
consider three such examples. 

Assuming a magnesium fluoride him and adding between it and the glass another 
him of higher refractive index, it is possible to achieve a reflectionless structure (at a 
single wavelength) by properly adjusting the him thicknesses [201,226]. 

With reference to the notation of Fig. 4.7.1, we have n a = 1, n\ = 1.38, n 2 to be 
determined, and n b = n g i as s = 1.5. The reflection response at interface- 1 is related to 
the response at interface-2 by the layer recursions: 

pi + r 2 e ~ 2jkl11 _ p 2 + p 3 e ~ 2jk212 

1 + piF 2 e~ 2 j k di ’ 2 1 + p 2 p 3 e~ 2 J k d2 




F 
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The reflectionless condition is F\ = 0 at an operating free-space wavelength A 0 . This 
requires that pi + F 2 e~ 2 ^ kxlx = 0, which can be written as: 



Because the left-hand side has unit magnitude, we must have the condition \r 2 \ = 
| pi | , or, IT 2 1 2 = p\, which is written as: 

P 2 + P3e~ 2jM2 2 = P 2 + Pi + 2p 2 P3Cos2M2 = 2 
1 + P2Pie~ 2 J k2 ' 2 1 + p 2 p 2 + 2p2p3 cos2k2h 1 
This can be solved for cos2k 2 l 2 \ 

cos2k2 / 2 = P ' ( 1 +Pi 1 ) ~ (P L +Pi) 

2p 2 p 3 (l-pl) 

Using the identity, cos 2k 2 l 2 = 2 cos 2 k 2 l 2 - 1, we also hnd: 



sin 2 k 2 l 2 



2 ,, , P?(l -P2Pl) 2 -(P2 -Ps) 2 

COS Z k 2 l 2 = 2\ 

4p 2 p 3 (i- pi) 

(5.2.2) 

(P2+ P 3 ) 2 -Pi(l + P2P3) 2 
4p 2 p 3 (l - p{) 

It is evident from these expressions that not every combination of pi,p 2 ,p 2 will 
admit a solution because the left-hand sides are positive and less than one. If we assume 
that n 2 > rii and n 2 > n b , then, we will have p 2 < 0 and p 2 > 0. Then, it is necessary 
that the numerators of above expressions be negative, resulting into the conditions: 

i i 2 i i 2 

p3 “F p 2 2 . ^3 - P2 \ 



The left inequality requires that < rii < n b , which is satisfied with the choices 
rii = 1.38 and n b = 1.5. Similarly, the right inequality is violated— and therefore there 
is no solution— if ^/np < n 2 < rii^np, which has the numerical range 1.22 < n 2 < 1.69. 

Catalan [201,226] used bismuth oxide (B^Og) with n 2 = 2.45, which satisfies the 
above conditions for the existence of solution. With this choice, the reflection coeffi- 
cients are pi = -0.16, p 2 = -0.28, and p 2 = 0.24. Solving Eq. (5.2.2) for k 2 l 2 and then 
Eq. (5.2.1) for kill, we hnd: 

kih = 2.0696, k 2 l 2 = 0.2848 (radians) 

Writing kih = 2Tr(ni/i)/Ao,we hnd the optical lengths: 



nih = 0.3294A 0 , n 2 l 2 = 0.0453A 0 

Fig. 5.2.1 shows the resulting rehection response T i as a function of the free-space 
wavelength A, with A 0 chosen to correspond to the middle of the visible spectrum, 
Ao = 550 nm. The hgure also shows the responses of the single quarter-wave slab of 
Example 4.5.2. 

The rehection responses were computed with the help of the MATLAB function mul- 
tidiel. The MATLAB code used to implement this example was as follows: 
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Antireflection Coatings on Glass 




Fig. 5.2.1 Two-slab reflectionless coating. 



na=l; nb=1.5; nl=1.38; n2=2 .45 ; 
n = [na, nl, n2 , nb] ; laO = 550; 
r = n2r(n) ; 

c = sqrt((r(l)A2*(l-r(2)*r(3))A2 - (r(2)-r(3))A2)/(4*r(2)* r(3)* (l-r(l)A2))) ; 
k21 2 = acos(c) ; 

G2 = (r(2)+r(3)*exp(-2*j*k21 2))/(l + r(2)*r(3)*exp(-2*j*k21 2)) ; 
kill = (angl e(G2) - pi - angl e(r(l)))/2 ; 
if kill <0, kill = kill + 2*pi ; end 

L = [kll 1 , k21 2] /2/pi ; 

la = linspace(400,700,101) ; 

Ga = abs(multidiel (n, L, la/laO)).A2 * 100; 

Gb = abs(multidiel ([na,nl,nb] , 0.25, la/laO)).A2 * 100; 

Gc = abs(multidiel ([na, sqrt(nb) ,nb] , 0.25, la/laO)).A2 * 100; 

plot(la, Ga, la, Gb, la, Gc) ; 



The dependence on A conies through the quantities kih and k 2 l 2 , for example: 



kih = 2 tt 



rhh 

A 



„ 0.3294A 0 
2tt 



Essentially the same method is used in Sec. 1 1.7 to design 2-section series impedance 
transformers. The MATLAB function twosect of that section implements the design. 
It can be used to obtain the optical lengths of the layers, and in fact, it produces two 
possible solutions: 



Li 2 = twosect (1, 1/1.38, 1/2.45, 1/1.5) = 



0.3294 0.0453 

0.1706 0.4547 



where each row represents a solution, so that L\ = niZi/Ao = 0.1706 and Lz = 
n 2 l 2 /\o = 0.4547 is the second solution. The arguments of twosect are the inverses 
of the refractive indices, which are proportional to the characteristic impedances of the 
four media. 
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Although this design method meets its design objectives, it results in a narrower 
bandwidth compared to that of the ideal single-slab case. Varying n 2 has only a minor 
effect on the shape of the curve. To widen the bandwidth, and at the same time keep 
the reflection response low, more than two layers must be used. 

A simple approach is to fix the optical thicknesses of the films to some prescribed 
values, such as quarter-wavelengths, and adjust the refractive indices hoping that the 
required index values come close to realizable ones [201,227]. Fig. 5.2.2 shows the 
two possible structures: the quarter-quarter two-film case and the quarter-half-quarter 
three-film case. 



n a 


n x 


«2 


n b 


n a 


n x 


n 2 


«3 


n b 




n \l\- 

Aq/4 


n 2 h= 

A 0 /4 






nih = 
A 0 /4 


nih= 

Aq/2 


^3/3 = 
A 0 /4 




Pi 


Pi 


P3 




Pi 


Pi 


Pi 


Pa 






'1 2 


<2 Z 


3 


Zi 2 


h 2 


3 2 


4 



Fig. 5.2.2 Quarter-quarter and quarter-half-quarter antireflection coatings. 



The behavior of the two structures is similar at the design wavelength. For the 
quarter-quarter case, the requirement Z\ = rj a implies: 



Zi = 



nl 

Z 2 



nl 



nl /Zb 



r ^Hb = 1 la 

nl 



which gives the design condition (see also Example 4.7.1): 



n a = ^n b (5.2.3) 

nl 

The optical thicknesses are fti/i = n 2 l 2 = A 0 /4. In the quarter-half-quarter case, 
the half -wavelength layer acts as an absentee layer, that is, Z 2 = Z 3 , and the resulting 
design condition is the same: 



nl = nl = nl 
z 2 z 3 nl/z 4 



% m = na 

n 3 



yielding in the condition: 



n a = rl \n b (5.2.4) 

m 

The optical thicknesses are now riili = n 3 / 3 = A 0 /4 and n 2 l 2 = A 0 /2. Conditions 
(5.2.3) and (5.2.4) are the same as far as determining the refractive index of the second 
quarter-wavelength layer. In the quarter-half-quarter case, the index n 2 of the half- 
wavelength him is arbitrary. 




www.ece.rutgers.edu/~orfanidi/ewa 



123 



In the quarter-quarter case, if the first quarter-wave him is magnesium fluoride with 
rii = 1.38 and the glass substrate has n g iass = 1.5, condition (5.2.3) gives for the index 
for the second quarter-wave layer: 



n 2 




1.38 2 x 1.50 
1.0 



= 1.69 



(5.2.5) 



The material cerium fluoride (Ce¥s) has an index of ri 2 = 1.63 atAo = 550 nm and 
can be used as an approximation to the ideal value of Eq. (5.2.5). Fig. 5.2.3 shows the 
reflectances |Ti | 2 for the two- and three-layer cases and for the ideal and approximate 
values of the index of the second quarter-wave layer. 



Quarter-Quarter Coating Quarter-Half-Quarter Coating 




Fig. 5.2.3 Reflectances of the quarter-quarter and quarter-half-quarter cases. 

The design wavelength was Ao = 550 nm and the index of the half-wave slab was 
ri 2 = 2.2 corresponding to zirconium oxide (Zr02). We note that the quarter-half-quarter 
case achieves a much broader bandwidth over most of the visible spectrum, for either 
value of the refractive index of the second quarter slab. 

The reflectances were computed with the help of the function mul ti di el . The typ- 
ical MATFAB code was as follows: 

laO = 550; la = li nspace(400, 700, 101) ; 

Ga = 100*abs(mul tidiel ([1, 1. 38 , 2 . 2 , 1. 65 , 1. 5] , [0.25,0.5,0.25], la/la0)).A2; 

Gb = 100*abs(mul tidiel ([1, 1. 58 , 2 . 2 , 1. 69 , 1. 5] , [0.25,0.5,0.25], ]a/]a0)).A2; 

Gc = 100*abs (mul tidiel ([1,1.22 ,1. 5] , 0.25, la/la0)).A2; 

plot(la, Ga, la, Gb, la, Gc) ; 

These and other methods of designing and manufacturing antireflection coatings for 
glasses and other substrates can be found in the vast thin-hlm literature. An incomplete 
set of references is [199-259]. Some typical materials used in thin-hlm coatings are given 
below: 
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material 


n 


material 


n 


cryolite (NagAlFe) 


1.35 


magnesium huoride (MgF 2 ) 


1.38 


Silicon dioxide SiC >2 


1.46 


polystyrene 


1.60 


cerium huoride (CeF 3 ) 


1.63 


lead huoride (PbF 2 ) 


1.73 


Silicon monoxide SiO 


1.95 


zirconium oxide (Zr 02 ) 


2.20 


zinc sulhde (ZnS) 


2.32 


titanium dioxide (Ti 02 ) 


2.40 


bismuth oxide (B^Ob) 


2.45 


silicon (Si) 


3.50 


germanium (Ge) 


4.20 


tellurium (Te) 


4.60 



Thin-hlm coatings have a wide range of applications, such as displays; camera lenses, 
mirrors, and hlters; eyeglasses; coatings for energy-saving lamps and architectural win- 
dows; lighting for dental, surgical, and stage environments; heat rehectors for movie 
projectors; instrumentation, such as interference hlters for spectroscopy, beam split- 
ters and mirrors, laser windows, and polarizers; optics of photocopiers and compact 
disks; optical communications; home appliances, such as heat rehecting oven windows; 
rear-view mirrors for automobiles. 



5.3 Dielectric Mirrors 



The main interest in dielectric mirrors is that they have extremely low losses at optical 
and infrared frequencies, as compared to ordinary metallic mirrors. On the other hand, 
metallic mirrors rehect over a wider bandwidth than dielectric ones and from all incident 
angles. However, omnidirectional dielectric mirrors are also possible and have recently 
been constructed [342,343]. The omnidirectional property is discussed in Sec. 7.5. Here, 
we consider only the normal-incidence case. 

A dielectric mirror (also known as a Bragg rehector) consists of identical alternating 
layers of high and low refractive indices, as shown in Fig. 5.3.1. The optical thicknesses 
are typically chosen to be quarter-wavelength long, that is, UhIh = n l\l = Ao/4 at some 
operating wavelength A 0 . The standard arrangement is to have an odd number of layers, 
with the high index layer being the hrst and last layer. 




Fig. 5.3.1 Nine-layer dielectric mirror. 

Fig. 5.3.1 shows the case of nine layers. If the number of layers is M = 2 N + 1, the 
number of interfaces will be 2N + 2 and the number of media 2 N + 3. After the hrst 
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layer, we may view the structure as the repetition of N identical bilayers of low and high 
index. The elementary reflection coefficients alternate in sign as shown in Fig. 5.3.1 and 
are given by 



n H ~ n L 
n H + n L 



n L - n H 
n L + n H ' 



n a - n H 
n a + n H 



n H ~ n b 
n H + n b 



The substrate n b can be arbitrary, even the same as the incident medium n a . In 
that case, pz = -pi- The reflectivity properties of the structure can be understood by 
propagating the impedances from bilayer to bilayer. For the example of Fig. 5.3.1, we 
have for the quarter-wavelength case: 

Therefore, after each bilayer, the impedance decreases by a factor of (nilnu) 2 - 
After N bilayers, we will have: 



Using Z\ = r]jj/Z 2 , we find for the reflection response at Aq: 





1 - 1 


friH' 


,2N n 2 

\ n H 


Z\ 


~Pa _ 


\ n L , 


' n a n b 


Z 1 


+ na 1 + 1 


(n H ' 


,2N y>2 

\ n H 




1 + 1 


l n L , 


' n a n b 



It follows that for large N, F\ will tend to -1, that is, 100% reflection. 

Example 5.3.1: For nine layers, 2 N + 1 = 9, or N = 4, and nn = 2.32, n i = 1.38, and n a 
n b = 1, we find: 



|Ti | 2 = 98.84 percent 



For N = 8, or 17 layers, we have T i = -0.9999 and | JT | 2 = 99.98 percent. If the substrate 



is glass with n b = 1.52, the reflectances change to |T] 
| IT | 2 = 99.97 percent for N = 8. 



98.25 percent for N = 4, and 



To determine the bandwidth around Ao for which the structure exhibits high reflec- 
tivity, we work with the layer recursions (5.1.2). Because the bilayers are identical, the 
forward/backward fields at the left of one bilayer are related to those at the left of the 
next one by a transition matrix F, which is the product of two propagation matrices of 
the type of Eq. (5.1.2). The repeated application of the matrix F takes us to the right-most 
layer. For example, in Fig. 5.3.1 we have: 
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where F is the matrix: 



1 


gjkdL 


pe j kllL 1 


gjk-HlH 


-pe~ jknlH 


l+p 


peJ kLlL 


e -j k ih J 1 _ p 


-pe jkHlH 





Defining the phase thicknesses 6h = and 5l = fei/i, and multiplying the 

matrix factors out, we obtain the expression for F : 



1 |“ e j(S H +s L ) _ p2 e j(5 H -5 L ) -2jpe~ j5H sindi 

1 - p 2 2 jpe j5n sin 5 L e -j(8 H +5 L ) _ p 2 e -j(5 H 



By an additional transition matrix F\ we can get to the left of interface- 1 and by an 
additional matching matrix Fz we pass to the right of the last interface: 



F 1 F 4 F 2 



where F\ and F 2 are: 



qJ^hIh -jkn Ih 

n , pj^H^H p-jkHlH 



JL 1 P2 
T 2 P 2 1 



where Ti = 1 + pi, Tz = 1 + P 2 , and pi, P 2 were defined in Eq. (5.3.1). More generally, 
for 2 N + 1 layers, or N bilayers, we have: 




pN 



E2N+2,+ 
E 2 N+ 2 ,- _ 





(5.3.7) 



Thus, the properties of the multilayer structure are essentially determined by the 
Nth power, F N , of the bilayer transition matrix F. In turn, the behavior of F N is deter- 
mined by the eigenvalue structure of F. 

Let {A+, A_} be the two eigenvalues of F and let V be the eigenvector matrix. Then, 
the eigenvalue decomposition of F and F N will be F = V\V~ l andF N = VA N V~ 1 , where 
A = diag{A+, A_}. Because F has unit determinant, its two eigenvalues will be inverses 
of each other, that is, A_ = 1/A+, or, A+A_ = 1. 

The eigenvalues A+ are either both real-valued or both complex-valued with unit 
magnitude. We can represent them in the equivalent form: 



\+=e jKI , \- = e~ jKl (5.3.8) 

where / is the length of each bilayer, / = /i + Ih- The quantity K is referred to as the 
Bloch wavenumber. If the eigenvalues A+ are unit-magnitude complex- valued, then K 
is real. If the eigenvalues are real, then K is pure imaginary, say K = -ja, so that 
A+ = e ±jKI = e ±al . 

The multilayer structure behaves very differently depending on the nature of K. The 
structure is primarily reflecting if K is imaginary and the eigenvalues A+ are real, and 
it is primarily transmitting if K is real and the eigenvalues are pure phases. To see this, 
we write Eq. (5.3.7) in the form: 
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VA 



E2N+2,+ 
E2N+2,- _ 




a ^r 1 



E2N+2,+ 

E2N+2,- 



or, 




where we defined 




A n 



V 2N+2,+ 

V . 2N+2,— _ 



V 2N+2,+ 

V 2 N+ 2 ,- 




We have V 2 + = A +V 2 N+ 2 ,+ and V 2 - = A -V 2 N+ 2 - = A + n V 2 N +2 because A N is 
diagonal. Thus, 



V 2 N+ 2 .+ = K N V 2+ = e-J KN, V 2+ , V 2 N+ 2 ,- = A^y 2 - = e> KNl V 2 - (5.3.9) 

The quantity Nl is recognized as the total length of the bilayer structure, as depicted 
in Fig. 5.3.1. It follows that if K is real, the factor A+ N = e~J KNl acts as a propagation 
phase factor and the fields transmit through the structure. 

On the other hand, if K is imaginary, we have A+ N = e~ aNl and the fields attenuate 
exponentially as they propagate into the structure. In the limit of large N, the trans- 
mitted fields attenuate completely and the structure becomes 100% reflecting. For finite 
but large N, the structure will be mostly reflecting. 

The eigenvalues A+ switch from real to complex, as K switches from imaginary to 
real, for certain frequency or wavenumber bands. The edges of these bands determine 
the band widths over which the structure will act as a mirror. 

The eigenvalues are determined from the characteristic polynomial of F, given by 
the following expression which is valid for any 2x2 matrix: 

det(F-A/) = A 2 - (trF) A + detF (5.3.10) 

where I is the 2x2 identity matrix. Because (5.3.5) has unit determinant, the eigenvalues 
are the solutions of the quadratic equation: 

A 2 - (trF)A + 1 = A 2 - 2aA + 1=0 (5.3.11) 

where we defined a = (trF) /2. The solutions are: 

A± = a ± Va 2 - 1 (5.3.12) 

where it follows from Eq. (5.3.5) that a is given by: 




Using A+ = e^ Kl = a + Vrz 2 - 1 = a + jV 1 - a 2 , we also find: 
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a = cos Kl 



acos(cz) 



(5.3.14) 



The sign of the quantity a 2 - 1 determines whether the eigenvalues are real or com- 
plex. The eigenvalues switch from real to complex— equivalently, K switches from imag- 
inary to real— when a 2 = 1, or , a = ±1. These critical values of K are found from 
Eq. (5.3.14) to be: 



K = y acos(±l) 



(5.3.15) 



where m is an integer. The lowest value is K = tt/1 and corresponds to a = -1 and to 
A+ = e jKl = e^ n = -1. Thus, we obtain the bandedge condition: 

cos (5h + 5 L )-p 2 cos(5 H - 5 f) 1 

a = ^ = -1 

1 ~ P 2 

It can be manipulated into: 



2 / <5h + &L \ 2 2 ( ~ &L > 

cos z ( ) = p z cos z ( , 



(5.3.16) 



The dependence on the free-space wavelength A or frequency f = Co/A comes 
through 5h = 2tt(uh/h)/A and 5l = 2tt(mi/i)/A. The solutions of (5.3.16) in A 
determine the left and right bandedges of the reflecting regions. 

These solutions can be obtained numerically with the help of the MATLAB function 
omni band, discussed in Sec. 7.5. An approximate solution, which is exact in the case of 
quarter-wave layers, is given below. 

If the high and low index layers have equal optical thicknesses, UhIh = wi/i, such as 
when they are quarter-wavelength layers, or when the optical lengths are approximately 
equal, we can make the approximation cos( (5h ~ <5i) / 2) = 1. Then, (5.3.16) simplifies 



2 / 5h + 8l \ 2 

cos z ( ) = p" 



(5.3.17) 



with solutions: 



/ 8h + <5l x , 
cos( ) = ±p 



5 n + 5 l Tr(n H lH + n L l L ] 



acos (±p) 



The solutions for the left and right bandedges and the bandwidth in A are: 



TT(n H lH + n L l L ) TT(n H lH + n L l L ) 

Ai = ; r , A 2 = 7 -^: , AA = A 2 — Ai (5.3.18) 

acos (-p) acos (p) 

Similarly, the left/right bandedges in frequency are f\ = C 0 /A 2 and = Cq/Ai: 



^ . acos (p) acos (-p) /roim 

fi = Co — 7 j— , f 2 = Co — 7 7 j— (5.3.19) 

tt ( m h /h + n L l L ) 1 t(u h Ih + n L l L ) 
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Noting that acos (~p) = tt/2 + asin(p) and acos(p) = tt/2 - asin(p), the frequency 
bandwidth can be written in the equivalent forms: 



Af = f 2 - fi = Cq 



acos (-p) - acos (p) 



2 asin(p) 



(5.3.20) 



' TT(n H l H + n L l L ) v TT(n H l H + n L l L ) v '' 

Relative to some desired wavelength Ao = Co/fo, the normalized bandwidths in 
wavelength and frequency are: 



AA = TT(n H lH + n L l L ) 

Aq Aq 



acos (p) acos (-p) 



Af _ 2Aoasin(p) 
fo n(n H l H + n L l L ) 

Similarly, the center of the reflecting band f c = (fi + f 2 ) / 2 is: 



(5.3.21) 



(5.3.22) 



e 2 j 8 _ p 2 - 2 jpe J<5 sin 5 

2 jpe j5 sin <5 e ~ 2 ^ 5 - p 2 



(5.3.23) 



fo 2 (u h Ih + n L h) 

If the layers have equal quarter-wave optical lengths at Ao, that is, UhIh = UlIl 
Aq/ 4, then, f c = fo and the matrix F takes the simplified form: 



(5.3.24) 



1 - p 2 |_ 2 jpe Jd sin 5 e lJd - p l J 

where 5 = 6 n = 6 l = 2n(n H lH) /A = 2tt(A 0 /4)/A = (tt/2)A 0 /A = (n/2)f/f 0 . Then, 
Eqs. (5.3.21) and (5.3.22) simplify into: 



AA tt 1 1 

A 0 2 [acos(p) acos (-p) 



Af 4 

— = — asm(p) 

lo tc 



(5.3.25) 



Example 5.3.2: Dielectric Mirror With Quarter-Wavelength Layers. Fig. 5.3.2 shows the reflec- 
tion response |Ti| 2 as a function of the free-space wavelength A and as a function of 
frequency f = Co/A. The high and low indices are n H = 2.32 and Ul = 1.38, correspond- 
ing to zinc sulfide (ZnS) and magnesium fluoride. The incident medium is air and the 
substrate is glass with indices n a = 1 and nt = 1.52. The left graph depicts the response 
for the cases of N = 2,4,8 bilayers, or 2 N +1 = 5,9, 17 layers, as defined in Fig. 5.3.1. 
The design wavelength at which the layers are quarter-wavelength long is A 0 = 500 nm. 

The reflection coefficient is p = 0.25 and the ratio nu/n l = 1.68. The wavelength band- 
width calculated from Eq. (5.3.25) is AA = 168.02 nm and has been placed on the graph at 
an arbitrary reflectance level. The left/right bandedges are Ai = 429.73, A 2 = 597.75 nm. 
The bandwidth covers most of the visible spectrum. As the number of bilayers N increases, 
the reflection response becomes flatter within the bandwidth AA, and has sharper edges 
and tends to 100%. The bandwidth A A represents the asymptotic width of the reflecting 
band. 



The right figure depicts the reflection response as a function of frequency f and is plotted 
in the normalized variable f/fo. Because the phase thickness of each layer is 5 = nf/2fo 
and the matrix F is periodic in <5, the mirror behavior of the structure will occur at odd 
multiples of fo (or odd multiples of tt/2 for 5.) As discussed in Sec. 5.6, the structure acts 
as a sampled system with sampling frequency f s = 2 f 0 , and therefore, fo = f s /2 plays the 
role of the Nyquist frequency. 
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Dielectric Mirror Reflection Response Dielectric Mirror Reflection Response 




Fig. 5.3.2 Dielectric mirror with quarter-wavelength layers. 



The typical MATLAB code used to generate these graphs was: 

na = 1; nb = 1.52; nH = 2.32; nL = 1.38; % refractive indices 

LH = 0.25; LL = 0.25; % optical thicknesses in units of A bO 

laO = 500; % AbO in units of nm 

rho = (nH-nL)/(nH+nL) ; % reflection coefficient p 

la2 = pi*(LL+LH)*l/acos(rho) * laO; % right bandedge 

lal = pi*(LL+LH)*l/acos(-rho) * laO; % left bandedge 

D1 a = 1 a2 -1 al ; % bandwidth 

N = 8 ; % number of bilayers 

n = [na, nH, repmat( [nL , nH] , 1, N) , nb] ; % indices for the layers A \H(LH) N \G 

L = [LH, repmat([LL, LH] , 1, N)] ; % lengths of the layers H(LH) N 

la = 1 inspace (300, 800, 501) ; % plotting range is 300 < A < 800 nm 

Gla = 100*abs (mul ti di el (n , L , 1 a/1 a0)) . A2 ; % reflectance as a function of A 

figure; plot(la,Gla) ; 

f = 1 i nspace(0 , 6 , 1201) ; % frequency plot over 0 < f< 6fb0 

Gf = 100*abs(mul ti di el (n , L , l./f)) . A2 ; % reflectance as a function of f 

figure; plot(f,Gf); 

Note that the function repmat replicates the LH bilayer N times. The frequency graph 
shows only the case of N = 8. The bandwidth Af, calculated from (5.3.25), has been 
placed on the graph. The maximum reflectance (evaluated at odd multiples of fo) is equal 
to 99.97%. □ 

Example 5.3.3: Dielectric Mirror with Unequal-Length Layers. Fig. 5.3.3 shows the reflection 
response of a mirror having unequal optical lengths for the high and low index films. 

The parameters of this example correspond very closely to the recently constructed om- 
nidirectional dielectric mirror [342], which was designed to be a mirror over the infrared 
band of 10-1 5 pm. The number of layers is nine and the number of bilayers, N = 4. The in- 
dices of refraction are nn = 4.6 and ni = 1.6 corresponding to Tellurium and Polystyrene. 
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Dielectric Mirror Response Dielectric Mirror Response 




Fig. 5.3.3 Dielectric mirror with unequal optical thicknesses. 



Their ratio is Uh/^i = 2.875 and the reflection coefficient, p = 0.48. The incident medium 
and substrate are air and NaCl ( n = 1.48.) 

The center wavelength is taken to be at the middle of the 10-15 pm band, that is, A 0 = 
12.5 jum. The lengths of the layers are Ih = 0.8 and II = 1.65 pm, resulting in the 
optical lengths (relative to A 0 ) UhIh = 0.2944A 0 and UlIl = 0.21 12 A 0 . The wavelength 
bandwidth, calculated from Eq. (5.3.21), is AA = 9.07 pm. The typical MATLAB code for 
generating the figures of this example was as follows: 

laO = 12.5; 

na = 1; nb = 1.48; % NaCl substrate 

nH = 4.6; nL = 1.6; %TeandPS 

1H = 0.8; 1L = 1.65; % physical lengths IbH, IbL 

LH = nH*lH/la0, LL = nL*lL/la0; % optical lengths in units of A bO 

rho = (nH-nL)/(nH+nl_) ; % reflection coefficient p 

la2 = pi*(LL+LH)*l/acos(rho) * laO; % right bandedge 

lal = pi *(LL+LH)*l/acos(-rho) * laO; % left bandedge 

Dla = la2-lal; % bandwidth 

la = 1 i nspace(5 , 25 ,401) ; % equally-spaced wavelengths 

N = 4; 

n = [na, nH, repmatC [nL, nH] , 1, N) , nb] ; % refractive indices of all media 

L = [LH, repmat ( [LL , LH] , 1, N)] ; % optical lengths of the slabs 

G = 100 * abs(multidiel(n,L,la/laO)) .A2; % reflectance 

p]ot(]a,G) ; 

The bandwidth A A shown on the graph is wider than that of the omnidirectional mirror 
presented in [342], because our analysis assumes normal incidence only. The condition 
for omnidirectional reflectivity for both TE and TM modes causes the bandwidth to narrow 
by about half of what is shown in the figure. The reflectance as a function of frequency 
is no longer periodic at odd multiples of fo because the layers have lengths that are not 
equal to A 0 /4. The omnidirectional case is discussed in Example 7.5.3. 
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The maximum reflectivity achieved within the mirror bandwidth is 99.99%, which is better 
than that of the previous example with 17 layers. This can be explained because the ratio 
nn/n L is much larger here. □ 

Although the reflectances in the previous two examples were computed with the help 
of the MATLAB function mul ti di el , it is possible to derive closed-form expressions for 
r i that are valid for any number of bilayers N. Applying Eq. (5.1.3) to interface-1 and 
interface-2, we have: 



pi + e 2 ^r 2 

1 + Pie~ 2 j^r 2 



(5.3.26) 



where E 2 = E 2 -/E 2+ , which can be computed from the matrix equation (5.3.7). Thus, 
we need to obtain a closed-form expression for E 2 . 

It is a general property of any 2x2 unimodular matrix E that its Nth power can 
be obtained from the following simple formula, which involves the iVth powers of its 
eigenvalues A+: * 



pN 





w n f 



W N -!l 



(5.3.27) 



where Wn = (A+ - A^) / (A+ - A_). To prove it, we note that the formula holds as a 
simple identity when F is replaced by its diagonal version A = diag{A+, A_}: 




(5.3.28) 



Eq. (5.3.27) then follows by multiplying (5.3.28) from left and right by the eigenvector 
matrix V and using F = VAV~ l and F N = VA N V~ 1 . Defining the matrix elements of F 
and F N by 




it follows from (5.3.27) that: 



,jv _ An Bn 

— C* A * 5 

bjV a n _ 



(5.3.29) 




|A| 2 -|£| 2 = 1, |A n | 2 - |B w I 2 = 1 (5.3.32) 

The first follows directly from the definition (5.3.29), and the second can be verified 
easily. It follows now that the product F N F 2 in Eq. (5.3.7) is: 

^The coefficients Wn are related to the Chebyshev polynomials of the second kind U m (x) through 
Wn = U N -i (fl) = sin(JV acos(u)) /Vl - a 2 = sin(NKl) / sin (Kl). 
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f n f _ JL An + P2Bn Bn + P2^n 

t 2 B* +p 2 A* A* +p 2 E* 



Therefore, the desired closed-form expression for the reflection coefficient T 2 is: 



= B% + p 2 A* = B*Wn + P2(A*W n -W N -i) 

2 A N + p2B N Afkjv - fkjv-i + P 2 BWN '' 

Suppose now that a 2 < 1 and the eigenvalues are pure phases. Then, Wn are oscil- 
latory as functions of the wavelength A or frequency f and the structure will transmit. 

On the other hand, if f lies in the mirror bands, so that a 2 > 1, then the eigenvalues 
will be real with |A+| > 1 and |A_| < 1. In the limit of large N, Wn and Wn-i will 
behave like: 



A? 

A+ - A_ 



a ^- 1 

A+ - A_ 



In this limit, the reflection coefficient T 2 becomes: 



B* + p 2 (A* - A; 1 ) 
A - A; 1 + p 2 B 



(5.3.34) 



where we canceled some common diverging factors from all terms. Using conditions 
(5.3.32) and the eigenvalue equation (5.3.11), and recognizing that Re (A) = a, it can be 
shown that this asymptotic limit of T 2 is unimodular, |r 2 1 = 1, regardless of the value 
of p2- 

This immediately implies that r 1 given by Eq. (5.3.26) will also be unimodular, |Ti | = 
1, regardless of the value of p\. In other words, the structure tends to become a perfect 
mirror as the number of bilayers increases. 

Next, we discuss some variations on dielectric mirrors that result in (a) multiband 
mirrors and (b) longpass and shortpass biters that pass long or short wavelengths, in 
analogy with lowpass and highpass biters that pass low or high frequencies. 



Example 5.3.4: Multiband Reflectors. The quarter-wave stack of bilayers of Example 5.3.2 can 
be denoted compactly as AH(LH) 8 G (for the case N = 8), meaning ’air’, followed by a 
“high-index” quarter-wave layer , followed by four “low/high” bilayers, followed by the 
“glass” substrate. 

Similarly, Example 5.3.3 can be denoted by A(1.18i4) (0.851 1.18 H) 4 G, where the layer 
optical lengths have been expressed in units of A 0 /4, that is, u l Il = 0.85 (A 0 /4) and 
KhIh = 1.18(A 0 /4). 

Another possibility for a periodic bilayer structure is to replace one or both of the L or 
H layers by integral multiples thereof [203]. Fig. 5.3.4 shows two such examples. In the 
brst, each H layer has been replaced by a half-wave layer, that is, two quarter-wave layers 
2 H, so that the total structure is A (2 H) (L 2 H) 8 G, where n a ,nt,nH,nL are the same as in 
Example 5.3.2. In the second case, each H has been replaced by a three-quarter-wave layer, 
resulting in A(3H) ( L 3 H) 8 G. 



The mirror peaks at odd multiples of fo of Example 5.3.2 get split into two or three peaks 
each. □ 
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A2H(L2H) 8 G 



A3H(L3H) 8 G 




Fig. 5.3.4 Dielectric mirrors with split bands. 



Example 5.3.5: Shortpass and Longpass Filters. By adding an eighth-wave low-index layer, that 
is, a (0.5L), at both ends of Example 5.3.2, we can decrease the reflectivity of the short 
wavelengths. Thus, the stack AH (LH) 8 G is replaced by A(O.SL) H (LH) 8 (O.SL) G. 

For example, suppose we wish to have high reflectivity over the [600, 700] nm range and 
low reflectivity below 500 nm. The left graph in Fig. 5.3.5 shows the resulting reflectance 
with the design wavelength chosen to be A 0 = 650 nm. The parameters n a , n nn, ni are 
the same as in Example 5.3.2 



A(0.5L) H (LH) 8 (0.5L) G 



A (0.5H) L (HL) 8 (0.5H) G 




X (nm) 



X (nm) 



Fig. 5.3.5 Short- and long-pass wavelength biters. 



The right graph of Fig. 5.3.5 shows the stack A(0.SH)L(HL) 8 (O.SH)G obtained from the 
previous case by interchanging the roles of H and L. Now, the resulting reflectance is low 
for the higher wavelengths. The design wavelength was chosen to be Ao = 450 nm. It can 
be seen from the graph that the reflectance is high within the band [400, 500] nm and low 
above 600 nm. 

Superimposed on both graphs is the reflectance of the original AH ( LH) 8 G stack centered 
at the corresponding A 0 (dotted curves.) 
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Both of these examples can also be thought of as the periodic repetition of a symmetric 
triple layer of the form A (BCB) N G. Indeed, we have the equivalences: 

A (0.5L)H (LH) 8 (0.5L) G = A (0.5L H 0.5L) 9 G 
A (0.5 H)L ( HL ) 8 (0.5 H) G = A (0.5H L0.5H) 9 G 

The symmetric triple combination B CB can be replaced by an equivalent single layer, which 
facilitates the analysis of such structures [201,229-231,233]. □ 

5.4 Propagation Bandgaps 

There is a certain analogy between the electronic energy bands of solid state materials 
arising from the periodicity of the crystal structure and the frequency bands of dielectric 
mirrors arising from the periodicity of the bilayers. The high-reflectance bands play the 
role of the forbidden energy bands (in the sense that waves cannot propagate through 
the structure in these bands.) Such periodic dielectric structures have been termed 
photonic crystals and have given rise to the new field of photonic bandgap structures, 
which has grown rapidly over the past ten years with a large number of potential novel 
applications [326-352]. 

Propagation bandgaps arise in any wave propagation problem in a medium with 
periodic structure [319-325]. Waveguides and transmission lines that are periodically 
loaded with ridges or shunt impedances, are examples of such media [449-453]. 

Fiber Bragg gratings, obtained by periodically modulating the refractive index of 
the core (or the cladding) of a finite portion of a fiber, exhibit high reflectance bands 
[353-373]. Quarter-wave phase-shifted fiber Bragg gratings (discussed in the next sec- 
tion) act as narrow-band transmission filters and can be used in wavelength multiplexed 
communications systems. 

Other applications of periodic structures with bandgaps arise in structural engineer- 
ing for the control of vibration transmission and stress [374-376], in acoustics for the 
control of sound transmission through structures [377-382], and in the construction of 
laser resonators and periodic lens systems [454,455]. A nice review of wave propagation 
in periodic structures can be found in [320]. 

5.5 Narrow-Band Transmission Filters 

The reflection bands of a dielectric mirror arise from the iV-fold periodic replication of 
high/low index layers of the type ( HL ) N , where H,L can have arbitrary lengths. Here, 
we will assume that they are quarter-wavelength layers at the design wavelength Ao. 

A quarter-wave phase-shifted multilayer structure is obtained by doubling ( HL) N 
to (HL) n (HL) n and then inserting a quarter-wave layer L between the two groups, 
resulting in ( HL) N L ( HL ) N . We are going to refer to such a structure as a Fabry-Perot 
resonator (FPR)— it can also be called a quarter-wave phase-shifted Bragg grating. 

An FPR behaves like a single L -layer at the design wavelength Ao- Indeed, noting that 
at Ao the combinations LL and HH are half-wave or absentee layers and can be deleted, 
we obtain the successive reductions: 
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(HL) n L(HL) n - (HL) N - l HLLHL(HL) N ~ l 

- (HL) n ~ 1 HHL (HL) n ~ 1 

- (HL) n ~ 1 L(HL) n ~ 1 

Thus, the number of the HL layers can be successively reduced, eventually resulting 
in the equivalent layer L (at Ao): 

(HL) n L(HL) n - (HL) n ~ 1 L(HL) n ~ 1 -•> (HL) n ~ 2 L(HL) n ~ 2 — ■■■-*>! 

Adding another L-layer on the right, the structure (HL) N L(HL) N L will act as 2 L, 
that is, a half-wave absentee layer at Ao- If such a structure is sandwiched between the 
same substrate material, say glass, then it will act as an absentee layer, opening up a 
narrow transmission window at Ao, in the middle of its reflecting band. 

Without the quarter-wave layers L present, the structures G\ (HL) N (HL) N \G and 
G | (HL) n \G act as mirrors, ^ but with the quarter-wave layers present, the structure 
G | ( HL) n L ( HL) n L | G acts as a narrow transmission filter, with the transmission band- 
width becoming narrower as N increases. 

By repeating the FPR (HL) N L(HL) N several times and using possibly different 
lengths N, it is possible to design a very narrow transmission band centered at Ao having 
a flat passband and very sharp edges. 

Thus, we arrive at a whole family of designs, where starting with an ordinary dielec- 
tric mirror, we may replace it with one, two, three, four, and so on, FPRs: 

0. G\(HL) Nl \G 

1. G\(HL) Nl L(HL) Nl \L\G 

2. G\(HL) Nl L(HL) Nl \(HL) N2 L(HL) N2 \G 

3. G\ (HL) Nl L(HL) Nl | (HL) N2 L(HL) N2 \(HL) N3 L(HL) N3 \L\G 

4. G\(HL) Nl L(HL) Nl \(HL) N2 L(HL) N2 \(HL) N3 L(HL) N3 \(HL) Ni L(HL) Ni \G 

(5.5.1) 

Note that when an odd number of FPRs ( HL) N L(HL) N are used, an extra L layer 
must be added at the end to make the overall structure absentee. For an even number 
of FPRs, this is not necessary. 

Such filter designs have been used in thin-film applications [204-210] and in fiber 
Bragg gratings, for example, as demultiplexers for WDM systems and for generating very- 
narrow-bandwidth laser sources (typically at A 0 = 1550 nm) with distributed feedback 
lasers [363-373]. We discuss fiber Bragg gratings in Sec. 10.4. 

In a Fabry-Perot interferometer, the quarter-wave layer L sandwiched between the 
mirrors ( HL) N is called a “spacer” or a “cavity” and can be replaced by any odd multiple 
of quarter-wave layers, for example, (HL) N (5L) ( HL ) N . 

denotes the glass substrate. 
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Several variations of FPR filters are possible, such as interchanging the role of H 
and L, or using symmetric structures. For example, using eighth-wave layers LI 2, the 
following symmetric multilayer structure will also act like as a single L at Aq: 



H)4H 



To create an absentee structure, we may sandwich this between two 1/2 layers: 



i(H 



l( l -h l - 

V 2 2 



This can be seen to be equivalent to (HL) N (21) ( LH) N , which is absentee at Ao- 
This equivalence follows from the identities: 



§(§«! 



L A) H‘»«“ 



Example 5.5.1: Transmission Filter Design with One FPR. This example illustrates the basic 
transmission properties of FPR filters. We choose parameters that might closely emu- 
late the case of a fiber Bragg grating for WDM applications. The refractive indices of the 
left and right substrates and the layers were: n a = nt = 1.52, = 1.4, and nn = 2.1. The 

design wavelength at which the layers are quarter wavelength is taken to be the standard 
laser source A 0 = 1550 nm. 

First, we compare the cases of a dielectric mirror ( HL ) N and its phase-shifted version using 
a single FPR (cases 0 and 1 inEq. (5.5.1)), withnumber of layers N\ = 6. Fig. 5.5.1 shows the 
transmittance, that is, the quantity (l - |/T (A) | 2 ) plotted over the range 1200 < A < 2000 



Fabry-Perot Resonator 



Phase-Shifted FPR 
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G(HL) 6 G 
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Fig. 5.5.1 Narrowband FPR transmission filters. 



We observe that the mirror (case 0) has a suppressed transmittance over the entire reflect- 
ing band, whereas the FPR filter (case 1) has a narrow peak at A 0 . The asymptotic edges of 
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the reflecting band are calculated from Eq. (5.3.18) to be A i = 1373.9 nm and A 2 = 1777.9 
nm, resulting in a width of A A = 404 nm. The MATLAB code used to generated the left 
graph was: 

na = 1.52; nb = 1.52; nH = 2.1; nL = 1.4; 

LH = 0.25; LL = 0.25; % optical thicknesses 

laO = 1550; 

la = linspace(1200, 2000, 8001); % 1200 < A < 2000 nm 

N1 = 6; 

nl = repmat([nH , nL] , 1, Nl) ; 

LI = repmat([LH,LL] ,1,N1) ; 
n = [na, nl, nb] ; 

L = LI; 

GO = 100* (1 - abs (multi di el (n , L , 1 a/1 a0)) . A2) ; % no phase shift 

nl = [repmat( [nH , nL] ,1,N1) , nL, repmat ( [nH , nL] ,1,N1)] ; 

LI = [repmat([LH, LL] ,1,N1) , LL, repmat ( [LH , LL] , 1, Nl)] ; 
n = [na, nl, nL, nb] ; 

L = [LI, LL]; 

G1 = 100* (1 - abs(multidiel (n,L,la/la0)) .A2) ; % one phase shift 

plot(la,Gl,la,G0) ; 



The location of the peak can be shifted by making the phase-shift different from A /4. This 
can be accomplished by changing the optical thickness of the middle L -layer to some other 
value. The right graph of Fig. 5.5.1 shows the two cases where that length was chosen to 
be UlIl = (0.6)A 0 /4 and (1.3)A 0 /4, corresponding to phase shifts of 54° and 117°. □ 

Example 5.5.2: Transmission Filter Design with Two FPRs. Fig. 5.5.2 shows the transmittance 
of a grating with two FPRs (case 2 of Eq. (5.5.1)). The number of bilayers were N\ = N 2 = 8 
in the first design, and N\ = N 2 = 9 in the second. 




Fig. 5.5.2 Narrow-band transmission filter made with two FPRs. 



The resulting transmittance bands are extremely narrow. The plotting scale is only from 
1549 nm to 1551 nm. To see these bands in the context of the reflectance band, the 
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transmittance (for N\ = N 2 = 8) is plotted on the right graph over the range [1200, 2000] 
nm, which includes the full reflectance band of [1373.9, 1777.9] nm. 

Using two FPRs has the effect of narrowing the transmittance band and making it somewhat 
flatter at its top. □ 

Example 5.5.3: Transmission Filter Design with Three and Four FPRs. Fig. 5.5.3 shows the trans- 
mittance of a grating with three FPRs (case 3 of Eq. (5.5.1)). A symmetric arrangement of 
FPRs was chosen such that N 3 = N 1. 



Three-FPR Filter with Equal Lengths Three-FPR Filters with Unequal Lengths 




X (nm) X (nm) 



Fig. 5.5.3 Transmission filters with three FPRs of equal and unequal lengths. 

The left graph shows the transmittance s of the two design cases Ni = N 2 = A/3 = 8 and 
N\ = N 2 = N3 = 9, so that all the FPRs have the same lengths. The transmission band is 
now flatter but exhibits some ripples. To get rid of the ripples, the length of the middle 
FPR is slightly increased. The right graph shows the case N\ = N3 = 8 and N 2 = 9, and 
the case N\ = iV 3 = 9 and N 2 = 10. 

Fig. 5.5.4 shows the case of four FPRs (case 4 inEq. (5.5.1).) Again, a symmetric arrangement 
was chosen with N\ = N 4 and N 2 = N 3. 



Four-FPR Filters with Equal Lengths Four-FPR Filters with Unequal Lengths 




X (nm) X (nm) 



Fig. 5.5.4 Transmission filters with four FPRs of equal and unequal lengths. 
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The left graph shows the two cases of equal lengths N\ = N 2 = iV 3 = N 4 = 8 and 
Ni = N 2 = iV 3 = N 4 = 9. The right graphs shows the case N\ = N 4 = 8 and N 2 = N 4 = 9, 
and the case N\ = N 4 = 9 and N 2 = N 3 = 10. We notice again that the equal length cases 
exhibit ripples, but increasing the length of the middle FPRs tends to eliminate them. The 
typical MATLAB code for generating the case Ni = N 4 = 9 and N 2 = N 3 = 10 was as 
follows: 

na = 1.52; nb = 1.52; nH = 2.1; nL = 1.4; 

LH = 0.25; LL = 0.25; 
laO = 1550; 

la = 1 i nspace(1549 , 1551, 501); 

NI = 9; N2 = 10; N5 = N2 ; N4 = NI; 

nl = [repmatC [nH , nL] ,1,N1) , nL, repmat ( [nH , nL] ,1,N1)] ; 
n2 = [repmat([nH,nL] ,1,N2), nL, repmat ( [nH , nL] ,1,N2)] ; 
n3 = [repmat([nH,nL] ,1,N3), nL, repmat ( [nH , nL] ,1,N3)] ; 
n4 = [repmatC [nH , nL] ,1,N4) , nL, repmat ( [nH , nL] ,1,N4)] ; 

LI = [repmatC [LH, LL] ,1,N1) , LL, repmat C [LH , LL] , 1, Nl)] ; 

L2 = [repmatC [LH, LL] ,1,N2) , LL, repmat C [LH , LL] , 1, N2)] ; 

L3 = [repmatC [LH, LL] ,1,N3) , LL, repmatC [LH , LL] , 1, N3)] ; 

L4 = [repmatC [LH, LL] ,1,N4) , LL, repmat C [LH , LL] , 1, N4)] ; 

n = [na, nl, n2, n3, n4, nb] ; 

L = [LI, L2 , L3 , L4] ; 

G = 100* Cl - absCmultidiel Cn,L,la/la0)) .A2) ; 
plotCla,G) ; 

The resulting transmittance band is fairly flat with a bandwidth of approximately 0.15 nm, 
as would be appropriate for dense WDM systems. The second design case with N 1 = 8 
and N 2 = 9 has a bandwidth of about 0.3 nm. 

The effect of the relative lengths N 4 ,N 2 on the shape of the transmittance band has been 
studied in [369-371]. The equivalence of the low/high multilayer dielectric structures to 
coupled-mode models of fiber Bragg gratings has been discussed in [360]. □ 

5.6 Equal Travel-Time Multilayer Structures 

Here, we discuss the specialized, but useful, case of a multilayer structure whose layers 
have equal optical thicknesses, or equivalently, equal travel-time delays, as for exam- 
ple in the case of quarter-wavelength layers. Our discussion is based on [398] and on 
[405,406]. 

Fig. 5.6.1 depicts such a structure consisting of M layers. The media to the left and 
right are g a and r/^ and the reflection coefficients p, at the M + 1 interfaces are as in 
Eq. (5.1.1). We will discuss the general case when there are incident fields from both the 
left and right media. 

Let T s denote the common two-way travel-time delay, so that, 

2n\li 2ri2h 2 UmIm t . 

~ ~ = T s (5.6.1) 

Co 



c 0 



c 0 
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Pi 


Pi 




Pi 




Pm 














Eh± 


Ei± 


E* 


E i+ 1 + 


e m± 


Em+ i,± 


P2 


P3 


Pi 


Pi+1 


Pm 


Pm+i 



1 2 3 ... i i + 1 ... M M + 1 

Fig. 5.6.1 Equal travel-time multilayer structure. 



Em+ h± =E± 



Then, all layers have a common phase thickness, that is, for z = 1,2 , . . . , M: 

5 = ktU = = \coT s (5.6.2) 

Co 2 

where we wrote k z = c o/c z = corii/co . The layer recursions (5.1.2)-(5.1.5) simplify 
considerably in this case. These recursions and other properties of the structure can be 
described using DSP language. 

Because the layers have a common roundtrip time delay T s , the overall structure will 
act as a sampled system with sampling period T s and sampling frequency f s = l/T s . The 
corresponding “Nyquist frequency”, / o = /s/2, plays a special role. The phase thickness 
6 can be expressed in terms of f and fo as follows: 



5 = 






nf 

2 fo 



Therefore, at f = fo (and odd multiples thereof), the phase thickness will be tt/2 = 
(2tt)/4, that is, the structure will act as quarter-wave layers. Defining the z-domain 
variable: 



z = e 2j6 = e jwTs - e 2jkili 

we write Eq. (5.1.2) in the form: 



" E i+ " 


z 112 


1 PiZ 1 


Ei+1,+ 


E, 


T i 


Pi z- 1 


E i+ i,~ 



We may rewrite it compactly as: 



(5.6.3) 



(5.6.4) 



Ei(z)=Ff(z)E f+ i(z) 



where we defined: 



(5.6.5) 



F t (z)= 

T / 



1 PiZ 1 
Pi Z _1 



E f (z) = 



E, + (z) 
Ei- (z) 



(5.6.6) 



The transition matrix F z (z) has two interesting properties. Defining the complex 
conjugate matrix F z (z) = F z (z -1 ) , we have: 
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F i (z) T J 3 F i (z) = J— = — J 3 
1 + Pi Pi 

F i (z)=JiF i (z)J 1 

where Ji,Jz are the 2x2 matrices : + 



(5.6.7) 



J i = 



0 1 
1 0 



h = 



1 0 
0 -1 



(5.6.8) 



In proving Eq. (5.6.7), we used the result (l-p 2 )/T 2 = (1 - p z ) / (1 + p z ) = Pi-i/Pi = 
rii/rii-i. The hrst of Eqs. (5.6.7) implies energy conservation, that is, the energy flux into 
medium i is equal to the energy flux into medium z + 1, or, 



(Ei+Ei+ Ei-Ei-)- (Ei+i+Ei+i+ Ei+i Ei+i-) 

2/7/-1 2/7/ 

This can be expressed compactly in the form: 



(5.6.9) 



EjhEi = E, r +1 7 3 E i+ i 

Pi 



which follows from Eq. (5.6.7): 

E[hE l =Ej +l Fjj :i F l E i+1 = ^= 1 E.J +1 J 3 E i+1 

Pi 

The second of Eqs. (5.6.7) expresses time-reversal invariance and allows the con- 
struction of a second, linearly independent, solution of the recursions (5.6.5): 



E f = JiEz = 



Et- 

E i+ 



JiF t (z)E i+1 — Fi (z)/iE z+ i — Fi (z)E z+ i 



The recursions (5.6.5) may be iterated now to the rightmost interface. By an addi- 
tional boundary match, we may pass to the right of interface M + 1: 



Ef = Fi(z)Fi + 1 (z) ■ ■ ■ Fm(z)Fm+iE' m+1 
where we defined the last transition matrix as 



Fm+ i 



1 

T~M+ 1 



1 Pm+i 
Pm + i 1 



More explicitly, we have: 



" E i+ " 


z (M+l-f)/2 


" 1 


PiZ 1 


1 


Pi+iZ 1 


_ E < _ 


Vf 


Pi 


Z _1 


Pi+1 


Z _1 



1 


Pmz 1 


1 


Pm+i 


E M + 1 , + 


Pm 


z -1 


Pm+i 


1 


_ E m + i- _ 



(5.6.10) 



(5.6.11) 



^They are recognized as two of the three Pauli spin matrices. 
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where we defined v, = t z t z+ i ■ ■ ■ tmTm+i- We introduce the following definition for 
the product of these matrices: 



A z (z) C z (z) 
Bi(z) Di (z) 



1 PiZ 



1 p M z 



1 Pm+ 

M+l 1 



(5.6.12) 



Because there are M + 1 - z matrix factors that are first-order in z _1 , the quantities 
Ai(z), Bi(z), Ct (z) , and D z (z) will be polynomials of order M + 1 - z in the variable 
z -1 . We may also express (5.6.12) in terms of the transition matrices F z (z) : 



Adz) C t (z) 
£/(z) Dt (z) 



= Z (M+1 i)/2 v,Fj(z) ■ ■ -Fm(z)Fm+ 1 



(5.6.13) 



It follows from Eq. (5.6.7) that (5.6.13) will also satisfy similar properties. Indeed, it 
can be shown easily that: 



Gi(z) T J 3 Gi(z)= afj 3 , where of=n( 1 -Pm) 

m=i 1 

Gf(z) = J l G i (z)J 1 

where G z (z) and its reverse Gf (z) consisting of the reversed polynomials are: 



(5.6.14) 






Af(z) Cf(z) 
B? (z) Df (z) 



(5.6.15) 



The reverse of a polynomial is obtained by reversing its coefficients, for example, if 
A (z) has coefficient vector a = [ao, fli, a 2 , 03 ] , then A^ (z) will have coefficient vector 
The reverse of a polynomial can be obtained directly in the z- 
domain by the property: 

A r (z) = z~ d A (z -1 ) = z~ d A (z) 

where d is the degree of the polynomial. For example, we have: 



A(z) = a o + a\z 
A r (z) = a 3 + a 2 z~ 



- a 2 z 2 + a 2 z 3 

■ a\z~ 2 + aoz~ 3 = z -3 (ao + a\z + a 2 z 2 + a^z 3 ) = z~ 3 A (z) 



Writing the second of Eqs. (5.6.14) explicitly, we have: 



Af(z) Cf (z) 
Bf(z) Df(z) 



0 1 Ai(z) C z -(z) 0 1 

1 0 Bt(z ) D;(z) 1 0 



£>z(z) B z -(z) 
C/(z) A z (z) 



This implies that the polynomials Ct (z) , D z (z) are the reverse of f? z (z) , A z (z) , that 
is, G z (z) = B r (z) , Dt (z) = Af (z) . Using this result, the first of Eqs. (5.6.14) implies the 
following constraint between A z (z) and f? z (z) : 



A z (z) A z (z) (z)B z (z) = a 2 
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Thus, the product of matrices in Eq. (5.6.12) has the form: 



A,(z) Bf(z) 
Bt (z) Af (z) 



1 PiZ 1 
n ■ r 7~ 1 



This definition implies also the recursion: 

A,(z) Bf(z) 1 _ I" 1 PiZ 

Bi(z ) Af(z) “ p,- z- 



Aj+i (z) 

Bf+i (z) 
B i+ 1 (z) Af +1 (z) 



Therefore, each column will satisfy the same recursion: ^ 



A f (z) 

Bt(z) 

for z = M,M - 1, 



1 p z -z 1 A/+i (z) , . , 

= _i „ , , (forward recursion) 

Pz z 1 J [ B/+i (z) J 

, 1, and initialized by the Oth degree polynomials: 



Am+i 


(z) 


1 


Bm + i 


(z) 


pM+1 



(5.6.17) 



(5.6.18) 



(5.6.19) 



(5.6.20) 



Eq. (5.6.11) reads now: 

1 z (M+1 - i)/2 r A,(Z) Bf(z) ]\E' M+h+ 1 

Ei-\ Vi Bt(z) Af(z) 1 1 /■;, . I ' 

Setting z = 1, we hnd the relationship between the fields incident on the dielectric 
structure from the left to those incident from the right: 

f£ 1+ l z M/2 f Ai (z) (z) 1 f E' M+1 + 1 



[K-j = n Ibx(z) Af(;;j[s;;;:j 

where V\ = T\T 2 ■ ■ ■ Tm+i- The polynomials A\ (z) and Bi (z) have degree M and 
are obtained by the recursion (5.6.19). These polynomials incorporate all the multiple 
reflections and reverberatory effects of the structure. 

In referring to the overall transition matrix of the structure, we may drop the sub- 
scripts 1 and M + l and write Eq. (5.6.22) in the more convenient form: 



~ E + ‘ 


z M/ 2 


E- 


V 



A(z) B r (z) 
B(z) A r (z) 



(transfer matrix) 



(5.6.23) 



Fig. 5.6.2 shows the general case of left- and right-incident fields, as well as when 
the fields are incident only from the left or only from the right. 

For both the left- and right-incident cases, the corresponding reflection and trans- 
mission responses T, T and r\ T' will satisfy Eq. (5.6.23): 



(5.6.24) 



z M/2 r A(z) 


B R (z) 


v \_B(z) 


A r (z) 


z m/2 r a(z) 


B r (z) 


v L B(z) 


A R (z) 



^Forward means order-increasing: as the index i decreases, the polynomial order M + 1 - i increases. 
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Fig. 5.6.2 Reflection and transmission responses of a multilayer structure. 



Solving for E, f T , we find: 



r(z) = 



B (z) 
A(z) ’ 



T (z) = 



y-M/2 



A (z) 



Similarly, we find for 'T': 



(5.6.25) 



r'(z) = 



B r (z) 
A (z) 



r r (z)= 



v'z ~ M/ 2 
A(z) 



(5.6.26) 



where the constants v and v' are the products of the left and right transmission coeffi- 
cients t z - = 1 + pi and t{ = 1 - pi, that is, 



M+l M+l M+l M+l 

v = n T > = n < i + = n t / = n ^ _ #) ( 5 . 6 . 27 ) 

z = 1 z= 1 z= 1 z = 1 

In deriving the expression for T"', we used the result (5.6.16), which for z = 1 reads: 



M+l 

A(z)A(z)-B(z)B(z)=ct 2 , where cr 2 = ]^[(l-p 2 ) 

z= 1 

Because A R (z) = z~ M A (z) , we can rewrite (5.6.28) in the form: 

A (z)A r (z) -B ( z)B r (z) = <x 2 z~ M 
Noting that vv' = cr 2 and that 



v 

v 



M+l .. M+l 

1 - Pi i— r tli - i 



= nr^=n^ 

z=l 1 + P l i= 1 ^ 

we may replace v and v' by the more convenient forms: 



Qa 

rib ’ 




Then, the transmission responses CT and e t’ can be expressed as: 



(5.6.28) 



(5.6.29) 



(5.6.30) 
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T (z) 



T(z), T(z) 

V Ha 




T(z) = 



y-M/2 



A (z) 



(5.6.31) 



The magnitude squared of T (z) represents the transmittance, that is, the ratio of 
the transmitted to incident powers, whereas T' is the corresponding ratio of the electric 
fields. Indeed, assuming E'_ = 0, we have CT = E' + /E+ and find: 



B transmitted 
B incident 






— \r \ 2 = \t\ 2 

rib 



(5.6.32) 



where we used Eq. (5.6.31). Similarly, if the incident fields are from the right, then 
assuming E+ = 0, the corresponding transmission coefficient will be 'T ' = E-/E'_, and 
we hnd for the left-going transmittance: 



K 



transmitted 

V' 

■ 1 incident 



|£_| 2 

‘-tf g _ rib |^/| 2 __ | 'y’ 1 2 



1 

2-rib 



I E'_\ 2 



ria 



(5.6.33) 



Eqs. (5.6.32) and (5.6.33) state that the transmittance is the same from either side of 
the structure. This result remains valid even when the slabs are lossy. 

The frequency response of the structure is obtained by setting z = e^ wTs . Denoting 
A (e^ wTs ) simply by A (co) , we may express Eq. (5.6.28) in the form: 



|A(co) | 2 - \B (co) | 2 = o- 2 (5.6.34) 

This implies the following relationship between reflectance and transmittance: 



ir(o ))| 2 + |r(to )| 2 = i 

Indeed, dividing Eq. (5.6.34) by | A (co) | 2 and using Eq. (5.6.31), we have: 



(5.6.35) 



B(cjo) 


2 <T 2 


jM(X)T s /2 


A (go) 


“ |A(co) | 2 “ 


A(co) 



1- |r(co)| 2 = |T(co)| 2 



Scattering Matrix 

The transfer matrix in Eq. (5.6.23) relates the incident and reflected fields at the left 
of the structure to those at the right of the structure. Using Eqs. (5.6.25), (5.6.26), and 
(5.6.29), we may rearrange the transfer matrix (5.6.23) into a scattering matrix form that 
relates the incoming fields E + ,E'_ to the outgoing fields E-,E' + . We have: 



E- " 




“ r(z) 


T'(z) 




K 




T (z) 


r’(z) 


E’_ 



(scattering matrix) (5.6.36) 



The elements of the scattering matrix are referred to as the S-parameters and are 
used widely in the characterization of two-port (and multi-port) networks at microwave 
frequencies. 
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We discuss S-parameters in Sec. 12.1. It is a common convention in the literature to 
normalize the fields to the impedances of the left and right media (the generator and 
load impedances), as follows: 



= J_£ = E ± riaH 

jrfa ± 



1 £ , = E' ± rjtH 

± 2-y/rfb 



(5.6.37) 



Such normalized fields are referred to as power waves [566]. Using the results of Eq. 
(5.6.31), the scattering matrix may be written in terms of the normalized fields in the 
more convenient form: 



r(z ) T (z) T + 

T (z) r(z) T_ 



so that S(z ) is now a symmetric matrix: 



r(z) T (z) 
T(z) T(z) 



(scattering matrix) 



(5.6.39) 



One can verify also that Eqs. (5.6.25), (5.6.26), and (5.6.28) imply the following uni- 
tarity properties of S (z) : 



S(z) T S(z)=I , S(cjo)^S(cjo) = I , (unitarity) (5.6.40) 

where I is the 2x2 identity matrix, S(z)= S{z~ l ), and S{oo) denotes S(z) with z = 
e J(vTs , so that S(co) T becomes the hermitian conjugate S’(co) t =S’(co)* r . 

The unitarity condition is equivalent to the power conservation condition that the 
net incoming power into the (lossless) multilayer structure is equal to the net outgoing 
reflected power from the structure. Indeed, in terms of the power waves, we have: 




Layer Recursions 

Next, we discuss the layer recursions. The reflection responses at the successive in- 
terfaces of the structure are given by similar equations to (5.6.25). We have T z (z) = 
Bi (z) /A,- (z) at the zth interface and T /+ 1 (z) = 5 ,+ 1 (z) M z+ i (z) at the next one. Us- 
ing Eq. (5.6.19), we find that the responses T z satisfy the following recursion, which is 
equivalent to Eq. (5.1.3): 

z = M,M - 




(5.6.41) 
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It starts at Jm+i(z) = Pm+i and ends with E (z) = Ti(z). The impedances at the 
interfaces satisfy Eq. (5.1.5), which takes the specialized form in the case of equal phase 
thicknesses: 



Zt(s)= Z 7 / 



Z i+ i(s)+riiS 
Z7/ + sZt+i (s) 



z = M,M — 



where we defined the variable s via the bilinear transformation : 



(5.6.42) 



(5.6.43) 



Note that if z = e 2 ^ 5 , then s = j tand. It is more convenient to think of the impedances 
Z; (5) as functions of the variable s and the reflection responses T z (z) as functions of 
the variable z. 

To summarize, given the characteristic impedances {ri a ,tli, ■ ■ ■ ,tlM,Hb}, equiva- 
lently, the refractive indices {ni, ni, . . . , Um} of a multilayered structure, we can com- 
pute the corresponding reflection coefficients {pi ,p 2 ,---, Pm+i } and then carry out the 
polynomial recursions (5.6.19), eventually arriving at the final M th order polynomials 
A(z) and B(z), which define via Eq. (5.6.25) the overall reflection and transmission 
responses of the structure. 

Conversely, given the final polynomials A 1 (z) = A (z) and B 1 (z) = B (z) , we invert 
the recursion (5.6.19) and “peel off” one layer at a time, until we arrive at the rightmost 
interface. In the process, we extract the reflection coefficients {pi,p 2 , ■ ■ ■ , Pm+i}, as 
well as the characteristic impedances and refractive indices of the structure. 

This inverse recursion is based on the property that the reflection coefficients appear 
in the first and last coefficients of the polynomials Bi (z) and A z (z) . Indeed, if we define 
these coefficients by the expansions: 

M+l—i M+l-i 

Bi(z)= ^ h z (m)z _m , A z (z)= ^ rz z (m)z _m 

m = 0 m = 0 

then, it follows from Eq. (5.6.19) that the first coefficients are: 



(5.6.44) 



whereas the last coefficients are: 



bi (M + 1 - z) = Pm+ 1 , fli (M + 1 - i ) = PM+iPi 



(5.6.45) 



Inverting the transition matrix in Eq. (5.6.19), we obtain the backward recursion: ‘ 



A l+ 1 (z) 1 = 1 T 1 -Pi 1 T A,(z) 

B i+ i (z) J " l - p2 [ -ptz zj[fi,(z) 



(backward recursion) (5.6.46) 



t B ackward means order-decreasing: as the index i increases, the polynomial order M + l-i decreases. 
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for z = 1,2 , . . . , M, where pi = bi (0) . This recursion starts with the knowledge of A \ (z) 
and Bi (z) . We note that each step of the recursion reduces the order of the polynomials 
by one, until we reach the Oth order polynomials Am+i (z) = 1 and Bm + i (z) = Pm+i- 

The reverse recursions can also be applied directly to the reflection responses T, (z) 
and wave impedances Z z ( 5 ) . It follows from Eq. (5.6.41) that the reflection coefficient pi 
can be extracted from T/(z) if we set z = 00 , that is, pi =T;( 00 ). Then, solving Eq. (5.1.3) 
for T /+1 (z) , we obtain: 

i'=l,2 M (5.6.47) 

Similarly, it follows from Eq. (5.6.42) that the characteristic impedance rj; can be 
extracted from Z z ( 5 ) by setting 5 = 1, which is equivalent to z = 00 under the transfor- 
mation (5.6.43). Thus, r/ z = Z z (l) and the inverse of (5.6.42) becomes: 

z = 1,2,...,M (5.6.48) 

The necessary and sufficient condition that the extracted reflection coefficients pi 
and the media impedances r/ z are realizable, that is, |p z | < 1 or r/ z > 0, is that the 
starting polynomial A(z) be a minimum-phase polynomial in z -1 , that is, it must have 
all its zeros inside the unit circle on the z-plane. This condition is in turn equivalent to 
the requirement that the transmission and reflection responses T (z) and F (z) be stable 
and causal transfer functions. 

The order-increasing and order-decreasing recursions Eqs. (5.6.19) and (5.6.46) can 
also be expressed in terms of the vectors of coefficients of the polynomials A z (z) and 
Bi (z) . Defining the column vectors: 

M 0) 1 T MO) 

Ml) Ml) 

a/ = . , b z = . 

ai (M + 1 - z) bi (M + 1 - z) 

we obtain for Eq. (5.6.19), with z = M, M — 



(forward recursion) (5.6.49) 



and initialized at ajvz+i = [1] and bjvz+i = [pM+ 1 ]. Similarly, the backward recur- 
sions (5.6.46) are initialized at the Mth order polynomials ai = a and bi = b. For 
z = 1, 2, . . . , M and pi = bi (0) , we have: 







P/a z + b z 
1 -Pi 



(backward recursion) 



(5.6.50) 
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Example 5.6.2: Consider the quarter-quarter antireflection coating shown in Fig. 5.2.2 with 
refractive indices [n a , ni, n 2 , n b ] = [1,1.38,1.63,1.50]. Determine the reflection coef- 
ficients at the three interfaces and the overall reflection response F (z) of the structure. 

Solution: In this problem we carry out the forward layer recursion starting from the rightmost 
layer. The reflection coefficients computed from Eq. (5.1.1) are: 

iPi,P2,P3\= [-0.1597,-0.0831,0.0415] 

Starting the forward recursion with a 3 = [1] and b 3 = [p 3 ] = [0.0415] , we build the first 
order polynomials: 




Then, we build the 2nd order polynomials at the first interface: 




Thus, the overall reflection response is: 

£i(z) -0.1597 - 0.0825Z- 1 + 0.0415Z- 2 

Z_ l(Z ’~A x (z)~ 1 +0.0098Z- 1 -0.0066Z- 2 

Applying the reverse recursion on this reflection response would generate the same reflec- 
tion coefficients pi, p 2 ,p 3 . □ 

Example 5.6.3: Determine the overall reflection response of the quarter-half-quarter coating of 
Fig. 5.2.2 by thinking of the half -wavelength layer as two quarter-wavelength layers of the 
same refractive index. 

Solution: There are M = 4 quarter-wave layers with refractive indices: 

[n a , ni, n 2 , n 3 ,n 4 , n b ]= [1, 1.38, 2.20, 2.20, 1.63, 1.50] 

The corresponding reflection coefficients are: 

[Pi,P2,P3,P4,Ps\= [-0.1597,-0.2291,0,0.1488,0.0415] 

where the reflection coefficient at the imaginary interface separating the two halves of 
the half-wave layer is zero. Starting the forward recursion with a 5 = [1], b 5 = [p 5 ] = 
[0.0415], we compute the higher-order polynomials: 
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Thus, the reflection response will be: 

w x Bi(z) —0.1597 - 0.2300z _1 + 0.0040Z -2 + 0.1502Z -3 + 0.0415Z -4 

1 (z)= = 

Ai (z) 1 + 0.0428Z- 1 - 0.0339Z- 2 - 0.0333Z- 3 - O.OO66Z- 4 

We note that because p 3 = 0, the polynomials A 3 (z) and A 4 (z) are the same and B 3 (z) 
is simply the delayed version of B 4 (z) , that is, B 3 (z) = z~ l B 4 (z) . □ 

Example 5.6.4: Determine the reflection polynomials for the cases M = 1, M = 2, and M = 3 
with reflection coefficients {pi,p 2 }, {pi, P2, P3}, and {pi, p 2 , p 3 , p 4 }, respectively. 

Solution: For M = 1, we have A 2 (z) = 1 and B 2 (z) = p 2 . Then, Eq. (5.6.19) gives: 



" Ai(z) " 


1 PiZ - 1 


r a 2 (z) " 


1 PiZ " 1 


r 1 1 _ r i + pip ^- 1 


_ Bl ^ _ 


Pi z - 1 


L B 2 (z ) _ 


Pi Z " 1 


L P 2 J L Pl + P2Z~ l 



For M = 2, we start with A 3 (z) = 1 and B 3 (z) = p 3 . The first step of the recursion gives: 

a 2 (z) 1 = r 1 p 2 z~ i 1 1 r 1 + p 2 p 3 z~ i 1 

B 2 (z) J [p 2 Z- 1 J L P3 J \_p 2 +p 3 Z - 1 J 

and the second step: 

Ai (z) 1 = r 1 piz~ i 1 r 1 + p 2 p 3 z~ i 1 = r 1 + p 2 {pi + p 3 )z~ i + pip 3 z - 2 

_ Bi (z) J “ [ Pi z~ l \ [ p 2 + p 3 Z~ l \~ \_ Pi + p 2 {l + PiP3)z~ 1 + p 3 z~ 2 _ 

For M = 3, we have A 4 (z) = 1 and B 4 (z) = p 4 . The first and second steps give: 

A 3 (z) 1 = I" 1 p 3 z~ l 1 1 = I" 1 + p 3 p 4 z~ l 1 

_B 3 (z) J \_p 3 Z~ l J L P4 J L P 3 +P 4 Z - 1 \ 

r a 2 (z) 1 = r 1 p 2 z~ i 1 r 1 + p 3 Paz~ i 1 = r 1 + p 3 (P2 + pa)z~ i + p 2 p 4 z - 2 

\_ B 2 (z) J “ L P 2 Z_1 J L ^3 + PaZ ~ 1 J “ L ^2 + P3 (1 + P 2 Pa)Z ~ 1 + p 4 Z ~ 2 _ 
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Then, the final step gives: 



Ai (z) 1 = f 1 PiZ~ l 1 r 1 + p 3 (P 2 + p±)z~ l + P 2 P 4 Z- 2 

B 1 (z) J ~~ [ Pi Z~ l J [ p 2 + P3 (1 + P 2 P 4 ) Z _1 + p 4 Z~ 2 _ 



1 + (P1P2 + P2P3 + PsP 4 )Z 1 + (P1P3 + P2P4 + PlP 2 P 3 P 4 )Z 2 + P1P4Z 3 
Pi + (P2 + PlP 2 P 3 + PlP 3 P 4 )Z~ X + (p 3 + P1P2P4 + P 2 P 3 P 4 )Z ~ 2 + p 4 Z ~ 3 



As expected, in all cases the first and last coefficients of A\ (z) are 1 and PiPM+i and those 
of Bi(z ) are pi and Pm+i- 

An approximation that is often made in practice is to assume that the p z s are small and 
ignore all the terms that involve two or more factors of p z . In this approximation, we have 
for the polynomials and the reflection response T(z) = B\ (z) Mi (z) , for the M = 3 case: 



Ai(z)= 1 

Bi (z) = pi + p 2 z~ l + p 3 z~ 2 + p 4 z ~ 3 



r (z) = Pi + p 2 z 1 + p 3 z 2 + p 4 z 3 



This is equivalent to ignoring all multiple reflections within each layer and considering only 
a single reflection at each interface. Indeed, the term p 2 z _1 represents the wave reflected at 
interface-2 and arriving back at interface-1 with a roundtrip delay of z -1 . Similarly, p 3 z ~ 2 
represents the reflection at interface-3 and has a delay of z -2 because the wave must make 
a roundtrip of two layers to come back to interface- 1, and p 4 z ~ 3 has three roundtrip delays 
because the wave must traverse three layers. □ 

The two MATLAB functions f rwrec and bkwrec implement the forward and back- 
ward recursions (5.6.49) and (5.6.50), respectively. They have usage: 

[A,B] = frwrec(r); % forward recursion - from r to A, B 

[r,A,B] = bkwrec (a, b); % backward recursion - from a, b to r 



The input r of f rwrec represents the vector of the M + 1 reflection coefficients and 
A,B are the (M + 1) x (M + 1) matrices whose columns are the polynomials a z and b z 
(padded with zeros at the end to make them of length M + 1.) The inputs a, b of bkwrec 
are the final order -M polynomials a,b and the outputs r,A,B have the same meaning 
as in f rwrec. We note that the first row of B contains the reflection coefficients r. 

The auxiliary functions r2n and n2 r allow one to pass from the reflection coefficient 
vector r to the refractive index vector n, and conversely. They have usage: 

n = r2n (r) ; % reflection coefficients to refractive indices 

r = n2r(n); % refractive indices to reflection coefficients 



As an illustration, the MATLAB code: 

a = [1, -0.1, -0.064, -0.05] ; 
b = [-0.1, -0.188, -0.35, 0.5] ; 
[r , A, B] = bkwrec(a,b); 
n = r2n(r) ; 
r = n2r(n) ; 



will generate the output of Example 5.6.1: 
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r = 



-0.1000 


-0.2000 


-0.4000 


0.5000 


1.0000 


1.0000 


1.0000 


1.0000 


-0.1000 


-0.1200 


-0.2000 


0 


-0.0640 


-0.1000 


0 


0 


-0.0500 


0 


0 


0 


-0.1000 


-0.2000 


-0.4000 


0.5000 


-0.1880 


-0.3600 


0.5000 


0 


-0.3500 


0.5000 


0 


0 


0.5000 


0 


0 


0 


1.0000 


1.2222 


1.8333 


4.2778 


-0.1000 


-0.2000 


-0.4000 


0.5000 



Conversely, if the above r is the input to f rwrec, the returned matrices A, B will be 
identical to the above. The function r2n solves Eq. (5.1.1) for n z and always assumes that 
the refractive index of the leftmost medium is unity. Once the n z are known, the function 
mul ti di el may be used to compute the reflection response at any set of frequencies or 
wavelengths. 

5.7 Applications of Layered Structures 

In addition to their application in dielectric thin-film and radome design, layered struc- 
tures and the corresponding forward and backward layer recursions have a number of 
applications in other wave propagation problems, such as the design of broadband ter- 
minations of transmission lines, the analysis and synthesis of speech, geophysical signal 
processing for oil exploration, the probing of tissue by ultrasound, and the design of 
acoustic reflectors for noise control. 

It is remarkable also that the same forward and backward recursions (5.6.49) and 
(5.6.50) are identical (up to reindexing) to the forward and backward Levinson recursions 
of linear prediction [398], with the layer structures being mathematically equivalent to 
the analysis and synthesis lattice filters. This connection is perhaps the reason behind 
the great success of linear prediction methods in speech and geophysical signal pro- 
cessing. 

Moreover, the forward and backward layer recursions in their reflection forms, Eqs. 
(5.6.41) and (5.6.47), and impedance forms, Eqs. (5.6.42) and (5.6.48), are the essential 
mathematical tools for Schur’s characterization of lossless bounded real functions in the 
z-plane and Richard’s characterization of positive real functions in the 5-plane and have 
been applied to network synthesis and to the development of transfer function stability 
tests, such as the Schur-Cohn test [418-432]. 

In all wave problems there are always two associated propagating field quantities 
playing the roles of the electric and magnetic fields. For forward-moving waves the 
ratio of the two field quantities is constant and equal to the characteristic impedance of 
the particular propagation medium for the particular type of wave. 
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For example, for transmission lines the two field quantities are the voltage and cur- 
rent along the line, for sound waves they are the pressure and particle volume velocity, 
and for seismic waves, the stress and particle displacement. 

A transmission line connected to a multisegment impedance transformer and a load 
is shown in Fig. 5.7.1. The characteristic impedances of the main line and the seg- 
ments are Z a and Z Zm, and the impedance of the load, Z&. Here, the impedances 

{Z a , Z i, . . . , Zm, Zfe, } , play the same role as {ri a , rj i, . . . , r/M, Hb) in the dielectric stack 
case. 




Im 



U 



Zm 



Z b 



load 



Fig. 5.7.1 Multisegment broadband termination of a transmission line. 

The segment characteristic impedances Z, and lengths /, can be adjusted to obtain 
an overall reflection response that is reflectionless over a wideband of frequencies [387- 
397]. This design method is presented in Sec. 5.8. 

In speech processing, the vocal tract is modeled as an acoustic tube of varying cross- 
sectional area. It can be approximated by the piece-wise constant area approximation 
shown in Fig. 5.7.2. Typically, ten segments will suffice. 

The acoustic impedance of a sound wave varies inversely with the tube area, Z = 
pc/ A, where p, c, and A are the air density, speed of sound, and tube area, respectively. 
Therefore, as the sound wave propagates from the glottis to the lips, it will suffer reflec- 
tions every time it encounters an interface, that is, whenever it enters a tube segment 
of different diameter. 







l 3 


i 




-r jr l~ 

Ai A 2 

-h 1 


A 


a 4 a 

1 


L 5 






— 5 





glottis lips 

Fig. 5.7.2 Multisegment acoustic tube model of vocal tract. 

Multiple reflections will be set up within each segment and the tube will reverberate 
in a complicated manner depending on the number of segments and their diameters. 
By measuring the speech wave that eventually comes out of the lips (the transmission 
response,) it is possible to remove, or deconvolve, the reverberatory effects of the tube 
and, in the process, extract the tube parameters, such as the areas of the segments, or 
equivalently, the reflection coefficients at the interfaces. 

During speech, the configuration of the vocal tract changes continuously, but it does 
so at mechanical speeds. For short periods of time (typically, of the order of 20-30 
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msec,) it may be considered to maintain a fixed configuration. From each such short 
segment of speech, a set of configuration parameters, such as reflection coefficients, 
is extracted. Conversely, the extracted parameters may be used to re-synthesize the 
speech segment. 

Such linear prediction based acoustic tube models of speech production are routinely 
used in the analysis and synthesis of speech, speech recognition, speaker identification, 
and speech coding for efficient data transmission, such as in wireless phones. 

The seismic problem in geophysical signal processing is somewhat different. Here, 
it is not the transmitted wave that is experimentally available, but rather the overall 
reflected wave. Fig. 5.7.3 shows the typical case. 



reflection 
impulse response 

_J L_ 



surface 



layer 1 



layer 2 



layer M 



rock bottom 



transmission 

response 



Fig. 5.7.3 Seismic probing of earth’s multilayer structure. 

An impulsive input to the earth, such as an explosion near the surface, will set up 
seismic elastic waves propagating downwards. As the various earth layers are encoun- 
tered, reflections will take place. Eventually, each layer will be reverberating and an over- 
all reflected wave will be measured at the surface. With the help of the backward recur- 
sions, the parameters of the layered structure (reflection coefficients and impedances) 
are extracted and evaluated to determine the presence of a layer that contains an oil 
deposit. 

The application of the backward recursions has been termed dynamic predictive de- 
convolution in the geophysical context [405-417]. An interesting historical account of 
the early development of this method by Robinson and its application to oil exploration 
and its connection to linear prediction is given in Ref. [411]. The connection to the con- 
ventional inverse scattering methods based on the Gelfand-Levitan-Marchenko approach 
is discussed in [412-417]. 

Fiber Bragg gratings (FBG), obtained by periodically modulating the refractive index 
of the core (or the cladding) of a finite portion of a fiber, behave very similarly to di- 
electric mirrors and exhibit high reflectance bands [353-373]. The periodic modulation 
is achieved by exposing that portion of the fiber to intense ultraviolet radiation whose 
intensity has the required periodicity. The periodicity shown in Fig. 5.7.4 can have arbi- 
trary shape— not only alternating high/low refractive index layers as suggested by the 
figure. We discuss FBGs further in Sec. 10.4. 
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WDM input 

ailli 



fiber Bragg grating 
- N periods - 



WDM output 




quarter- wave phase- shifted grating 



At A 3 

Fig. 5.7.4 Fiber Bragg gratings acting as bandstop or bandpass filters. 



Quarter-wave phase-shifted fiber Bragg gratings act as narrow-band transmission 
biters and can be used as demultiplexing biters in WDM and dense WDM (DWDM) com- 
munications systems. Assuming as in Fig. 5.7.4 that the inputs to the FBGs consist of 
several multiplexed wavelengths, Ai,A 2 ,A 3 ,..., and that the FBGs are tuned to wave- 
length A 2 , then the ordinary FBG will act as an almost perfect rebector of A 2 . If its 
rebecting band is narrow, then the other wavelengths will transmit through. Similarly, 
the phase-shifted FBG will act as a narrow-band transmission biter allowing A 2 through 
and rebecting the other wavelengths if they lie within its rebecting band. 

A typical DWDM system may carry 40 wavelengths at 10 gigabits per second (Gbps) 
per wavelength, thus achieving a 400 Gbps bandwidth. In the near future, DWDM sys- 
tems will be capable of carrying hundreds of wavelengths at 40 Gbps per wavelength, 
achieving terabit per second rates [373]. 



5.8 Chebyshev Design of Reflectionless Multilayers 

In this section, we discuss the design of broadband rehectionless multilayer structures of 
the type shown in Fig. 5.6.1 , or equivalently, broadband terminations of transmission 
lines as shown in Fig. 5.7.1, using Collin’s method based on Chebyshev polynomials 
[387-397,224,243]. 

As depicted in Fig. 5.8.1, the desired specibcations are: (a) the operating center 
frequency fo of the band, (b) the bandwidth Af , and (c) the desired amount of attenuation 
A (in dB) within the desired band, measured with respect to the rebectance value at dc. 

Because the optical thickness of the layers is 5 = coT s /2 = (tt/2) (f/fo) and van- 
ishes at dc, the rebection response at f = 0 should be set equal to its unmatched value, 
that is, to the value when there are no layers: 



|r(o )| 2 = pI = 




Collin’s design method [387] assumes | r (f) | 2 has the analytical form: 



(5.8.1) 
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m)\ 




Fig. 5.8.1 Reflectance specibcations for Chebyshev design. 



x = x 0 cos<5 = xocos(g) (5.8.2) 

2/0 

where TmM= cos (M acos (x) ) is the Chebyshev polynomial (of the brst kind) of order 
M. The parameters M,e i, xo are fixed by imposing the desired specibcations shown in 
Fig. 5.8.1. 

Once these parameters are known, the order -M polynomials A(z),B (z) are deter- 
mined by spectral factorization, so that \r(f) | 2 = \B (f) | 2 / \A (f) | 2 . The backward layer 
recursions, then, allow the determination of the rebection coefficients at the layer inter- 
faces, and the corresponding refractive indices. Setting f = 0, or 5 = 0, or cos <5 = 1, or 
x = Xo, we obtain the design equation: 



inn i 2 = 



eiThM 
1 + elTh(x) 



ino)i 2 



e^rfnxp) 

1 + e\T 2 M {x o) 



_ e o_ 2 

1 + 



(5.8.3) 



where we debned eo = Ci7m(xo). Solving for eo, we obtain: 



P 0 = (Ha - Hb) 2 

1 - Po 4 n a n b 



(5.8.4) 



Chebyshev polynomials Tm (x) are reviewed in more detail in Sec. 19.8 that discusses 
antenna array design using the Dolph-Chebyshev window. The two key properties of 
these polynomials are that they have equiripple behavior within the interval - 1 < x < 1 
and grow like x M for |x| > 1; see for example, Fig. 19.8.1. 

By adjusting the value of the scale parameter xo, we can arrange the entire equiripple 
domain, -1 < x < 1, of TmM to be mapped onto the desired rehectionless band 
[fi,f 2 ], where Q, f 2 are the left and right bandedge frequencies about fo, as shown in 
Fig. 5.8.1. Thus, we demand the conditions: 

Xq cos ( ) = -1, xocos(^) = 1 



These can be solved to give: 
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Because M exa c t is rounded up to the next integer, the attenuation will be somewhat 
larger than required. In summary, we calculate eo,Xo,M from Eqs. (5.8.4), (5.8.7), and 
(5.8.11). Finally, e\ is calculated from: 



Tm(xq) cosh(Macosh(x 0 )) 



(5.8.13) 



Next, we construct the polynomials A (z) and B (z) . It follows from Eqs. (5.6.25) and 
(5.6.34) that the reflectance and transmittance are: 



ia(hi 2 ’ 



inni 2 = i - inn i 



Comparing these with Eq. (5.8.2), we obtain: 



\A(f)\ 2 = cr 2 [l + e^T| f (xocos5)] 
\B(f)\ 2 = a 2 e 2 T^(x 0 cos6) 



(5.8.14) 



The polynomial A (z) is found by requiring that it be a minimum-phase polynomial, 
that is, with all its zeros inside the unit circle on the z-plane. To find this polynomial, 
we determine the 2 M roots of the right-hand-side of | A(f) | 2 and keep only those M 
that lie inside the unit circle. We start with the equation for the roots: 



or 2 [ 1 + e\T 2 u (x 0 cos<5)] = 0 



Tm (x 0 cos <5) = ± — 
ei 



Because Tm (xq cos d) = cos (M acos (xq cos d) ) , the desired M roots are given by: 



xq cos 5 m = cos 



Indeed, these satisfy: 



m = 0,1, 



(5.8.15) 



cos (M acos (x 0 cos d m )) = cos^acos(-^) + mn^j 



Solving Eq. (5.8.15) for 5 m , we find: 



5 yyi — acos 



r i r 

— cos - 

Lx 0 V 



m = 0, 1, . . . ,M - 1 



Then, the M zeros of A (z) are constructed by: 



m = 0, 1, . . . ,M - 1 



(5.8.16) 



(5.8.17) 



These zeros he inside the unit circle, \z m \ < 1. (Replacing -j/e i by +j/e i in 
Eq. (5.8.16) would generate M zeros that lie outside the unit circle; these are the ze- 
ros of A (z) .) Finally, the polynomial A (z) is obtained by multiplying the root factors: 



A(z) = n<l- z m z X ) = 1 + CL\Z 1 + a 2 Z 2 + 
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Once A(z) is obtained, we may fix the scale factor cr 2 by requiring that the two 
sides of Eq. (5.8.14) match at f = 0. Noting that A (f) at f = 0 is equal to the sum of the 
coefficients of A (z) and that e\ T m (*o) = £o> we obtain the condition: 





M—l 


M- 1 2 


dm 


X a m = cr 2 (l + el) => 


m= 0 

<J = ± , 

V 1 + e 0 


m= 0 



Either sign of cr leads to a solution, but its physical realizability (i.e., ri\ > 1) requires 
that we choose the negative sign if n a < n and the positive one if n a > n &. (The 
opposite choice of signs leads to the solution n\ = n^/riu z = a, 1, . . . ,M, b.) 

The polynomial B (z) can now be constructed by taking the square root of the second 
equation in (5.8.14). Again, the simplest procedure is to determine the roots of the right- 
hand side and multiply the root factors. The root equations are: 

cr 2 e\Th (x 0 cos <5) = 0 => T M (x 0 cos <5) = 0 

with M roots: 

S m = acosf — cos( + ^ ■ 5 ) TT ) N j m = o, 1, . . . ,M - 1 (5.8.20) 

Vx 0 M / 

The z-plane roots are z m = e 2j(5m , m = 0, 1, . . . , M - 1. The polynomial B (z) is now 
constructed up to a constant bo by the product: 

M—l 

B(z)= bo n d - ZmZ^ 1 ) (5.8.21) 

m = 0 

As before, the factor bo is fixed by matching Eq. (5.8.14) at f = 0. Because 5 m is 
real, the zeros z m will all have unit magnitude and B (z) will be equal to its reverse 
polynomial, B R (z)= B(z). 

Finally, the reflection coefficients at the interfaces and the refractive indices are 
obtained by sending A (z) and B(z) into the backward layer recursion. 

The above design steps are implemented by the MATLAB functions chebtr, chebtr2, 
and chebtr 3 with usage: 

[n,a,b] = chebtr(na,nb,A,DF) ; % Chebyshev multilayer design 

[n,a,b,A] = chebtr2(na, nb,M,DF) ; % specify order and bandwidth 

[n,a,b,DF] = chebtr3(na, nb,M,A) ; % specify order and attenuation 

The inputs are the refractive indices n a , nt of the left and right media, the desired at- 

tenuation in dB, and the fractional bandwidth AF = Af/fo . The output is the refractive 
index vector n = [n a , zii, zi 2 , ■ ■ ■ , zim, n b] and the reflection and transmission polynomi- 
als b and a. In chebtr2 and chebtr 3, the order M is given. To clarify the design steps, 
we give below the essential source code for chebtr: 

eO = sqrt((nb-na)A2/(4*nb*na)) ; 
xO = 1/si n(DF*pi/4) ; 

M = ceil (acosh(sqrt((e0A2+l)*10A(A/10) - eOA2))/acosh(xO)) ; 



in/) 1 2 (dB) 
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el = eO/cosh(M*acosh(xO)) ; 
m=0:M-l; 

delta = acos(cos((acos(-j/el)+pi*m)/M)/xO) ; 
z = exp(2* j*del ta) ; % zeros of A (z) 

a = real (poly (z)) ; % coefficients of A (z) 

sigma = sign(na-nb)*abs(sum(a))/sqrt(l+eOA2) ; % scale factor cr 

delta = acos(cos((m+0. 5)*pi/M)/xO) ; 

z = exp(2* j*del ta) ; % zeros of B(z) 

b = real (poly(z)) ; % unsealed coefficients of B (z) 

bO = sigma * eO / abs(sum(b)); 

b = bO * b; % rescaled B (z) 

r = bkwrec(a,b); % backward recursion 

n = na * r2n(r); % refractive indices 

Example 5.8.1: Broadband antireflection coating. Design a broadband antireflection coating on 
glass with n a = 1, nt = 1.5, A = 20 dB, and fractional bandwidth AF = Af/fo = 1.5. 
Then, design a coating with deeper and narrower bandwidth having parameters A = 30 
dB and AF = Af/fo = 1.0. 

Solution: The reflectances of the designed coatings are shown in Fig. 5.8.2. The two cases have 
M = 8 and M = 5, respectively, and refractive indices: 

n = [1, 1.0309, 1.0682, 1.1213, 1.1879, 1.2627, 1.3378, 1.4042, 1.4550, 1.5] 
n = [1, 1.0284, 1.1029, 1.2247, 1.3600, 1.4585, 1.5] 

The specifications are better than satisfied because the method rounds up the exact value 
of M to the next integer. These exact values were M exa ct = 7.474 and M exa ct = 4.728, and 
were increased to M = 8 and M = 5. 



A = 20 dB A = 30dB 




f/fo f/fo 



Fig. 5.8.2 Chebyshev designs. Reflectances are normalized to 0 dB at dc. 

The desired bandedges shown on the graphs were computed from fi/fo = 1 - AF/ 2 and 
fi/fo = 1 + AF/2. The designed polynomial coefficients a, b were in the two cases: 
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■ 1.0000 ■ 


' -0.0152 ' 


0.0046 


-0.0178 


0.0041 


-0.0244 


0.0034 


-0.0290 


0.0025 


, b = -0.0307 


0.0017 


-0.0290 


0.0011 


-0.0244 


0.0005 


-0.0178 


_ 0.0002 _ 


_ -0.0152 _ 



" 1.0000 ' 


r -0.0140 " 


0.0074 


-0.0350 


0.0051 


, -0.0526 




, b = 


0.0027 


’ -0.0526 


0.0010 


-0.0350 


_ 0.0002 _ 


L -0.0140 _ 



The zeros of the polynomials a were in the two cases: 



" 0.3978Z ± 27.93° " 
0.3517Z ± 73.75° 

Z ~ 0.3266 Z ± 158.76° 

_ 0.3331Z ± 116.34° _ 



and z 



0.2112Z ± 45.15° 
0.1564Z180 0 
0.1678Z ± 116.30° 



They lie inside the unit circle by design. The typical MATLAB code used to generate these 
examples was: 



na =1; nb = 1.5; A = 20; DF = 1.5; 

n = chebtr(na,nb,A,DF) ; 

M = length(n) - 2; 

f = 1 inspace (0,4, 1601) ; 

L = 0.25 * ones(l,M); 

GO = (na-nb)A2 / (na+nb)A2; 

G = abs(multidiel (n,L,l./f)) .A2; 

plot(f, 10*logl0(G/G0)) ; 



The reflectances were computed with the function mul ti di el . The optical thickness inputs 
to mul ti di el were all quarter-wavelength at fo. □ 

We note, in this example, that the coefficients of the polynomial B (z) are symmetric 
about their middle, that is, the polynomial is self-reversing B R (z) = B(z). One conse- 
quence of this property is that the vector of reflection coefficients is also symmetric 
about its middle, that is, 

[pi,p2, - - ■ ,Pm,Pm+i\ = [pM+1, Pm, - ■ ■ , p2, Pi\ (5.8.22) 

or, pi = pM+ 2 -i, for z = 1, 2, . . . , M + 1. These conditions are equivalent to the following 
constraints among the resulting refractive indices: 



njUM+ 2 -i = n a n b <^> p { = p M + 2 -i | , / = 1 , 2, . . . , M + 1 (5.8.23) 

These can be verified easily in the above example. The proof of these conditions 
follows from the symmetry of B(z). A simple argument is to use the single-reflection 
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approximation discussed in Example 5.6.4, in which the polynomial B (z) is to first-order 
in the p z s: 

B(z)= p x + P 2 Z - 1 + ■ ■ ■ + Pm+iZ~ m 

If the symmetry property pi = pM+ 2-1 were not true, then B (z) could not satisfy the 
property B R (z) = B (z) . A more exact argument that does not rely on this approximation 
can be given by considering the product of matrices (5.6.17). 

In the design steps outlined above, we used MATLAB’s built-in function poly.m to 
construct the numerator and denominator polynomials B(z),A (z) from their zeros. 
These zeros are almost equally-spaced around the unit circle and get closer to each 
other with increasing order M. This causes poly to lose accuracy around order 50-60. 

In the three chebtr functions (as well as in the Dolph-Chebyshev array functions of 
Chap. 19), we have used an improved version, poly2 .m, with the same usage as poly, 
that maintains its accuracy up to order of about 3000. 

Fig. 5.8.3 shows a typical pattern of zeros for Example 5.8.1 for normalized band- 
widths of AF = 1.85 and AF = 1.95 and attenuation of A = 30 dB. The zeros of B (z) lie 
on the unit circle, and those of A(z), inside the circle. The function poly2 groups the 
zeros in subgroups such that the zeros within each subgroup are not as closely spaced. 
For example, for the left graph of Fig. 5.8.3, poly2 picks the zeros sequentially, whereas 
for the right graph, it picks every other zero, thus forming two subgroups, then poly 
is called on each subgroup, and the two resulting polynomials are convolved to get the 
overall polynomial. 

AF = 1.85, M = 36 AF = 1.95, M = 107 



Fig. 5.8.3 Zero patterns of B (z) (open circles) and A (z) (filled circles), for A = 30 dB. 

Finally, we discuss the design of broadband terminations of transmission lines shown 
in Fig. 5.7.1. Because the media admittances are proportional to the refractive indices, 
rj/ 1 = nip-^, we need only replace ft, by the line characteristic admittances: 

[ n a , Hi, , n M , n b ] - [Y a , Y u ..., Y M , Y b ] 

where Y a ,Y b are the admittances of the main line and the load and 7/, the admittances 
of the segments. Thus, the vector of admittances can be obtained by the MATFAB call: 





Y = chebtr(Ya, Yb, A, DF) ; 



% Chebyshev transmission line impedance transformer 
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We also have the property (5.8.23), 7/^+2-! = Y a Yp, or, Z/Zm+ 2 -z = Z a Z b , for 
z = 1,2,...,M+1, where Y, = 1/Z z . One can work directly with impedances— the 
following call would generate exactly the same solution, where Z = [Z a , Z \ , . . . , Zm, Zb ] : 

Z = chebtr(Za, Zb, A, DF) ; % Chebyshev transmission line impedance transformer 

In this design method, one does not have any control over the resulting refractive 
indices n z or admittances Y z . This can be problematic in the design of antireflection coat- 
ings because there do not necessarily exist materials with the designed n z s. However, 
one can replace or “simulate” any value of the refractive index of a layer by replac- 
ing the layer with an equivalent set of three layers of available indices and appropriate 
thicknesses [199-259]. 

This is not an issue in the case of transmission lines, especially microstrip lines, 
because one can design a line segment of a desired impedance by adjusting the geometry 
of the line, for example, by changing the diameters of a coaxial cable, the spacing of a 
parallel-wire, or the width of a microstrip line. 



5.9 Problems 



5.1 Three identical fiberglass slabs of thickness of 3 cm and dielectric constant e = 4eo are 
positioned at separations d\ = d 2 = 6 cm, as shown below. A wave of free-space wavelength 
of 24 cm is incident normally onto the left slab. 

a. Determine the percentage of reflected power. 

b. Repeat if the slabs are repositioned such that d\ = 12 cm and d 2 = 6 cm. 




3 cm 



5.2 Four identical dielectric slabs of thickness of 1 cm and dielectric constant e = 4c 0 are posi- 
tioned as shown below. A uniform plane wave of frequency of 3.75 GHz is incident normally 
onto the leftmost slab. 



a. Determine the reflectance |T| 2 as a percentage. 

b. Determine |T| 2 if slabs A and C are removed and replaced by air. 

c. Determine |T| 2 if the air gap B between slabs A and C is filled with the same dielectric, 
so that ABC is a single slab. 




lcm 4cm 



2cm 



4cm 
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5.3 Show that the antireflection coating design equations (5.2.2) can be written in the alternative 
forms: 



cos 2 k 2 l 2 



{n\ - n a n b ) {n\n a - n\n b ) . 2 k 7 nl(n b - n a ) (uf - n a n b ) 
n a (n 2 2 -n 2 h ){n 2 2 -n\) ’ sm 2 2 n a (n\ - n\) {n\ - n\) 



Making the assumptions that n 2 > m > n a , n 2 > n b , and n b > n a , show that for the design 
to have a solution, the following conditions must be satisfied: 



ni > V n a n b and n 2 > rii 

5.4 Show that the characteristic polynomial of any 2x2 matrix F is expressible in terms of the 
trace and the determinant of F as in Eq. (5.3.10), that is, 

det(F- A/)= A 2 - (trF) A + detF 




Moreover, for a unimodular matrix show that the two eigenvalues are A+ = e ±a where 
a = acosh(a) and a = trT/2. 

5.5 Show that the bandedge condition a = - 1 for a dielectric mirror is equivalent to the condition 
of Eq. (5.3.16). Moreover, show that an alternative condition is: 

~ _ 1 / rin n L \ 

cos Oh cos Ol — + — sm o H sm o L = -1 

2 \n L n H ) 

5.6 Stating with the approximate bandedge frequencies given in Eq. (5.3.19), show that the band- 
width and center frequency of a dielectric mirror are given by: 

Af _ f f 2/p asin(p) fx±fi fo 

' h fl tt(L h + L l ) ’ fc 2 2 (Lh + L l ) 

where Lh = yihIhI Ao, Tl = Hi/i/ A 0 , and A 0 is a normalization wavelength, and fo the 
corresponding frequency f 0 = c 0 /A 0 . 

5.7 Computer Experiment: Antireflection Coatings. Compute and plot over the 400-700 nm 
visible band the reflectance of the following antireflection coatings on glass, defined by the 
refractive indices and normalized optical thicknesses: 

a. n = [1,1.38, 1.5], L = [0.25] 

b. n = [1,1.38,1.63,1.5], L = [0.25,0.50] 

c. n = [1,1.38,2.2,1.63,1.5], L= [0.25,0.50,0.25] 

d. n = [1,1.38,2.08,1.38,2.08,1.5], L= [0.25,0.527,0.0828,0.0563] 

The normalization wavelength is A 0 = 550 nm. Evaluate and compare the coatings in terms 
of bandwidth. Cases (a-c) are discussed in Sec. 5.2 and case (d) is from [206]. 

5.8 Computer Experiment: Dielectric Sunglasses. A thin-film multilayer design of dielectric sun- 
glasses was carried out in Ref. [842] using 29 layers of alternating TiCY (ft# = 2.35) and SiCY 
(ul = 1.45) coating materials. The design may be found on the web page: 

www. sspect ra . com/desi gns/sungl asses . html . 

The design specifications for the thin-film structure were that the transmittance be: (a) less 
than one percent for wavelengths 400-500 nm, (b) between 15-25 percent for 510-790 nm, 
and (c) less than one percent for 800-900 nm. 

Starting with the high-index layer closest to the air side and ending with the high-index layer 
closest to the glass substrate, the designed lengths of the 29 layers were in nm (read across): 
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21.12 


32.41 


73.89 


123.90 


110.55 


129.47 


63.17 


189.07 


68.53 


113.66 


62.56 


59.58 


27.17 


90.29 


44.78 


73.58 


50.14 


94.82 


60.40 


172.27 


57.75 


69.00 


28.13 


93.12 


106.07 


111.15 


32.68 


32.82 


69.95 





Form the optical lengths rc z 7 z and normalize them Li = n z 7 z 7A 0 , such that the maximum 
optical length is a quarter wavelength at A 0 . What is the value of A 0 in nm? Assuming the 
glass substrate has index n = 1.5, compute and plot the reflectance and transmittance over 
the band 400-900 nm. 

5.9 Computer Experiment: Dielectric Mirror. Reproduce all the results and graphs of Example 

5.3.2. In addition, carry out the computations for the cases of IV = 16, 32 bilayers. 

In all cases, calculate the minimum and maximum reflectance within the high-reflectance 
band. For one value of N, calculate the reflectance using the closed-form expression (5.3.33) 
and verify that it is the same as that produced by mul ti di el . 

5.10 Computer Experiment: Dielectric Mirror. Reproduce all the results and graphs of Example 

5.3.3. Repeat the computations and plots when the number of bilayers is N = 8, 16. Repeat 
for N = 4, 8, 16 assuming the layers are quarter-wavelength layers at 12.5 pm. In all cases, 
calculate the minimum and maximum reflectance within the high-reflectance band. 

5.11 Computer Experiment: Shortpass and Longpass Filters. Reproduce all the results and graphs 
of Example 5.3.5. Redo the experiments by shifting the short-pass wavelength to A 0 = 750 
nm in the first case, and the long-pass wavelength to A 0 = 350 nm in the second case. Plot 
the reflectances over the extended band of 200-1000 nm. 

5.12 Computer Experiment: Wide Infrared Bandpass Filter. A 47-layer infrared bandpass filter 
with wide transmittance bandwidth was designed in Ref. [842]. The design may be found 
on the web page www. sspectra. com/desi gns/i rbp.html. 

The alternating low- and high-index layers were ZnS and Ge with indices 2.2 and 4.2. The 
substrate was Ge with index 4. The design specifications were that the transmittance be: (a) 
less than 0.1% for wavelengths 2-3 pm, (b) greater than 99% for 3.3-5 pm, and (c) less than 
0.1% for 5.5-7 pm. 

Starting with a low-index layer near the air side and ending with a low-index layer at the 
substrate, the layer lengths were in nm (read across): 



528.64 


178.96 


250.12 


123.17 


294.15 


156.86 


265.60 


134.34 


266.04 


147.63 


289.60 


133.04 


256.22 


165.16 


307.19 


125.25 


254.28 


150.14 


168.55 


68.54 


232.65 


125.48 


238.01 


138.25 


268.21 


98.28 


133.58 


125.31 


224.72 


40.79 


564.95 


398.52 


710.47 


360.01 


724.86 


353.08 


718.52 


358.23 


709.26 


370.42 


705.03 


382.28 


720.06 


412.85 


761.47 


48.60 


97.33 





Form the optical lengths n z 7 z and normalize them L z = n z 7 z 7A 0 , such that the maximum 
optical length is a quarter wavelength at A 0 . What is the value of A 0 in pm? Compute and 
plot the reflectance and transmittance over the band 2-7 pm. 
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Oblique Incidence 



6.1 Oblique Incidence and Snell’s Laws 

With some redefinitions, the formalism of transfer matrices and wave impedances for 
normal incidence translates almost verbatim to the case of oblique incidence. 

By separating the fields into transverse and longitudinal components with respect 
to the direction the dielectrics are stacked (the z-direction), we show that the transverse 
components satisfy the identical transfer matrix relationships as in the case of normal 
incidence, provided we replace the media impedances q by the transverse impedances 
rjr defined below. 

Fig. 6.1.1 depicts plane waves incident from both sides onto a planar interface sepa- 
rating two media e, e'. Both cases of parallel and perpendicular polarizations are shown. 

In parallel polarization, also known as p-polarization, TT-polarization, or TM po- 
larization, the electric fields lie on the plane of incidence and the magnetic fields are 




Fig. 6.1.1 Oblique incidence for TM- and TE-polarized waves. 
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perpendicular to that plane (along the y-direction) and transverse to the z-direction. 

In perpendicular polarization, also known as 5-polarization, ^ cr-polarization, or TE 
polarization, the electric fields are perpendicular to the plane of incidence (along the 
y-direction) and transverse to the z-direction, and the magnetic fields lie on that plane. 

The figure shows the angles of incidence and reflection to be the same on either side. 
This is Snell’s law of reflection and is a consequence of the boundary conditions. 

The figure also implies that the two planes of incidence and two planes of reflection 
all coincide with the xz-plane. This is also a consequence of the boundary conditions. 

Starting with arbitrary wavevectors k± = xk x± + y k y± + z k z± and similarly for k' ± , 
the incident and reflected electric fields at the two sides will have the general forms: 

E + e~ jk+ r , E e~ jk r , E' + e~ jk+ \ E f e~ jk ' r 

The boundary conditions state that the net transverse (tangential) component of the 
electric held must be continuous across the interface. Assuming that the interface is at 
z = 0, we can write this condition in a form that applies to both polarizations: 

E T+ e~ jk * r + E T -e~ Jk ~ r = E' T+ e~ Jk ' + '’ ! + & T _e~ Jk '-' r , at z = 0 (6.1.1) 

where the subscript T denotes the transverse (with respect to z) part of a vector, that is, 
Ej = z x (E x z) = E - ±E Z . Setting z = 0 in the propagation phase factors, we obtain: 

E T+ e~ j(kx+x+ky+y) + E T -e~ J{kx ~ x+ky - y) = E^ T+ e~ j{k ' x+x+ky+y) + E^ T _e~ j{k ' x - x+ky - y) (6.1.2) 

For the two sides to match at all points on the interface, the phase factors must be 
equal to each other for all x and y: 

e -j(k x+ x+k y+ y ) _ e -j(k x -x+k y -y ) = e ~j (k' x+ x+k' y+ y) = e ~j (k' x _x+k' y _y) (phase matching) 

and this requires the x- and y-components of the wave vectors to be equal: 

k x + = k x = k x+ = k x _ 

, * (6.1.3) 

ky+ — ky- — ky + — ky_ 

If the left plane of incidence is the xz-plane, so that k y+ = 0, then all y-components 
of the wavevectors will be zero, implying that all planes of incidence and reflection will 
coincide with the xz-plane. In terms of the incident and reflected angles 0±,0' ± , the 
conditions on the x-components read: 

k sin 0+ = k sin 0- = k' sin 0' + = k' sin 0'_ (6.1.4) 

These imply Snell’s law of reflection: 



0 + = 0 - = 0 
0 ' + = < 9 '_ = 0 ' 



(Snell’s law of reflection) 



(6.1.5) 



ifrom the German word senkrecht for perpendicular. 
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And also Snell’s law of refraction, that is, k sin 0 = k' sin 0'. Setting k = nk 0 , k' = n'k 0 , 
and ko = co/co, we have: 

(Snell’s law of refraction) (6.1.6) 




It follows that the wave vectors shown in Fig. 6.1.1 will be explicitly: 



k = k+ = k x x + k z z = k sin 0 x + k cos 0 z 

k- = k x x - k z z = k sin 0 x - k cos 0 z 

, , , , , , , , (6-1.7) 

k = k + = k x x + k z z = k sin 0 x + k cos 0 z 

k'_ = k' x x - k' z z = k' sin 0' x - k' cos 0' z 

The net transverse electric fields at arbitrary locations on either side of the interface 
are given by Eq. (6.1.1). Using Eq. (6.1.7), we have: 

Et(x,z)= Er+e~ Jk *' r + E T -e~ Jk ' r = (. E T +e~ JkzZ + E T -e jkzZ )e- ik * x 

(6.1.8) 

E' t (x,z)= r T+ e-J k * r + E , T _e-j k - 1 = (£ T+ e~J k * z + £ T _e> k * z )e~j k * x 

In analyzing multilayer dielectrics stacked along the z-direction, the phase factor 
e -jk x x _ e -jk' x x w j]j common at all interfaces, and therefore, we can ignore it and 
restore it at the end of the calculations, if so desired. Thus, we write Eq. (6.1.8) as: 



E t (z) = E T +e~ JkzZ + E T -e> kzZ 
e T (z) = & T+ e~ Jk ' zZ + E’ T _e )kzZ 



(6.1.9) 



In the next section, we work out explicit expressions for Eq. (6.1.9) 



6.2 Transverse Impedance 

The transverse components of the electric fields are defined differently in the two po- 
larization cases. We recall from Sec. 2.9 that an obliquely-moving wave will have, in 
general, both TM and TE components. For example, according to Eq. (2.9.9), the wave 
incident on the interface from the left will be given by: 



E+ (r) = [(xcos 0 - zsind)A+ + y B+]e Jk+ r 
H+ (r) = ^ [y A+ - (xcos 0 - zsin 0)B+]e~ Jk+ ’ T 



( 6 . 2 . 1 ) 



where the A+ and B+ terms represent the TM and TE components, respectively. Thus, 
the transverse components are: 



Et+(x,z) = [xA+ cos 0 + yB+]e J( k * x+k z z ) 
Ht+(x,z) = i[y A+ - xB + cos 0]e~^ kxX+kzZ ^ 
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We summarize these in the compact form, where E E stands for either E TM or E te \ 



E t (z ) = E T+ e~ JkzZ + E T -e JkzZ 

H t (z) = —[E T+ e~ jk * z -E T -e ik * z ] 
rir 

The transverse impedance r/r stands for either r/rM or Pte- 



( 6 . 2 . 11 ) 



p cos 0 , TM, parallel, p-polarization 
— 5-r , TE, perpendicular, s-polarization 



( 6 . 2 . 12 ) 



Because p = it is convenient to define also a transverse refractive index 

through the relationship p E = Po/n E . Thus, we have: 



, TM, parallel, p-polarization 

n T = \ cos0 (6.2.13) 

[ n cos 0 , TE, perpendicular, s-polarization 

For the right side of the interface, we obtain similar expressions: 

E' t (z) = E' T+ e~^ z + E' T _e^ z 

i (6.2.14) 

H' t (z) = ^r(E' T+ e- Jk z z -E' T _e> k * z ) 

Hr 

I rj' cos 0 ' , TM, parallel, p-polarization 

ri' (6.2.15) 

— , TE, perpendicular, s-polarization 

cos 0 

f ti' 

, — , TM, parallel, p-polarization 

n' T = \ cos0' (6.2.16) 

[ n' cos 0 ' , TE, perpendicular, s-polarization 

where E' T± stands for A' T± = A' ± cos 0' or B' T± = B' ± . 

For completeness, we give below the complete expressions for the fields on both 
sides of the interface obtained by adding Eqs. (6.2.1) and (6.2.3), with all the propagation 
factors restored. On the left side, we have: 



(6.2.14) 



(6.2.15) 



(6.2.16) 



E{ r) = ErMW+ErfW 
H(r)= HtmM-HteM 



(6.2.17) 



EtmM = (xcos 0 - zsin0)A+e jk+ r + (xcos 0 + zsin0)A_e jk ' r 
H TM (r ) = y t (A+e~j k+ ' r - A-e~J k - r ) 

EteM =y (B+e~ jk+ r + B-e~ jk ' r ) 



(6.2.18) 



H T e( r) = — [-(xcos 0 - zsin 0)B+e jk+ r + (xcos 0 + zsin 0)B-e Jk_ ' r ] 
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The transverse parts of these are the same as those given in Eqs. (6.2.9) and (6.2.10). 
On the right side of the interface, we have: 



E' (r) = Ej M (r) +E EE (r) 
H' (r) = H EM (r) -H EE {r) 



(6.2.19) 



E EM {r) = (xcos 0' - zsin 0')A' + e Jk+r + (xcos 0' + zsin 0')A r _e jk -‘ T 
= y T (A’+e-J^- 1 - A 
E' te { r) = y (B' + e~ Jk '+' T + B'_e- Jk '- r ) 

H' te ( r) = —y [— (xcos 0 r — z sin 0' ) B' + e~j k+r + (xcos 0' + zsin 0')B'_e~ Jk -' T ] 

( 6 . 2 . 20 ) 

6.3 Propagation and Matching of Transverse Fields 

Eq. (6.2.11) has the identical form of Eq. (4.1.1) of the normal incidence case, but with 
the substitutions: 



n - riT , e ±Jkz - e ±jk * z = e ±Jkzcos0 (6.3.1) 

Every definition and concept of Chap. 4 translates into the oblique case. For example, 
we can define the transverse wave impedance at position z by: 

7 friz) Er+e~j^ + E T -e> k * z 
r H t (z) nT E T+ e-J k * z - E T -eJ k * z 

and the transverse reflection coefficient at position z: 



r T (z) = 



E T -(z) _ E T ~e JkzZ 
E e + (z) E E +c~J kzZ 



= r T { 0 )e 2 



They are related as in Eq. (4.1.7): 



ry , x l+JY(z) Z E (z)-p E D . 

Z T (z)=p T - r 7 t <=> r T (z)= — — — (6.3.4) 

l-Jr(z) Z T (z) +p E 

The propagation matrices, Eqs. (4.1.11) and (4.1.13), relating the fields at two posi- 
tions Zi, Z 2 within the same medium, read now: 



e jkzl 0 E T 2 + 

0 e~ jkzl E T 2 - 



(propagation matrix) 



Et\ 1 _ T cos k z l jr/T smk z l 1 E T 2 
Hn ~ jpf 1 sink z l cos k z l H T2 



(propagation matrix) (6.3.6) 








